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ABSTRACT 

A theoretical study has been conducted to determine the effects of 
rotation.  Inflow, and forward flight on the development of the laminar 
boundary layer on a helicopter blade.    Particular emphasis was placed on 
the determination of the separation line.    In order to facilitate the 
computation of the inviscid flow about the blade, an 11.9%-thick 
synmetrlcal Joukowskl airfoil was used.    The essential feature of the 
analysis was the scaling of the chordwise coordinate so that the 
separation line is invariant with span and time in the transformed 
coordinate system.    The transformed boundary layer equations were 
expanded in an asymptotic series in span, and the resulting equations 
were solved by the method of Smith and Clutter. 

The major effect of rotation is a delay in separation.    The separation 
line delay is most pronounced near the axis of rotation.    Forward flight 
causes an oscillation about this separation line, so that the delay is 
greatest in the first and fourth quadrants.    The oscillations are affected 
by the blade angle of attack and the inflow due to lift.    The phase 
advance between the wall shear and the free-stream velocity is in 
qualitative agreement with the results of Lighthill. 

Rotation alone does not influence the separation line greatly.    However, 
its combination with forward flight and inflow contribute, at least in 
part, to the increase in maximum lift observed on helicopter blades. 
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INTRODUCTION 

The separation of the boundary layer near the  leading edge of an airfoil 
in two-dimensional  flow produces well defined and easily interpretable 
symptoms.    As  the aerodynamic angle of attack increases beyond a certain 
point«  the  lift of the airfoil does not increase,   the crag increases more 
rapidly,  and the pitching moment becomes  large and negative.     These  three 
symptoms characterize the two-dimensional stall of an airfoil. 
Experimental measurements have shown that helicopter rotors do not 
experience this  type of stall.1    The lift does not decrease at the expected 
angle of attack,2  but the drag and pitching moment are more nearly 
predicted by the two-dimensional situation. 3''* 

The helicopter rotor in forward flight  (translation perpendicular to the 
axis of rotation)   has a constantly changing angle of yaw.     Spanwise  flow 
is also generated by centrifugal and Coriolis  forces.    Both the angle of 
attack; and the chordwise velocity vary periodically as the blade rotates. 
Additional time dependence is introduced by feathering,  flapping,  and 
lead-lag motions of  the blade.    Each of these effects may contribute to the 
peculiarities of stall on helicopter blades,  but no single effect has been 
identified as the cause.     Examinations of the  lift,  drag,  and pitching 
moment in three-dimensional   (yawed)   steady-state  flow3 and in unsteady 
two-dimensional flows'4 have r.hown trends that suggest that yaw and time 
variation of the flow are important.    Such investigations have outlined 
the effects of unsteady and three-dimensional behavior on helicopter 
rotors, Yut the cause of stall is to be  found in the boundary  layer.     This 
suggests the approach of the present work:     an analysis of the boundary 
layer on a blade that is simultaneously undergoing rotation,   inflow due  to 
lift,  and forward flight.     It is not yet feasible  to include,  in one 
analysis,  every factor that influences the boundary layer.     The present 
work is valuable in evaluating some of the factors that influence the 
boundary layer,  and since separation is the most important feature of the 
boundary layer,   the primary interest of this work will be the determination 
of the position of the separation line.    Most experimental work has been 
concerned with such aerodynamic characteristics as  the lift,  drag,  and 
pitching moment.     There is a need for experimental measurements in the 
boundary layer.     Except for some measurements of surface streamlines,5'6 

the investigation of the boundary layer has been analytical. 

The consideration of rotational effects on blades began after the discovery 
by Sears7 of a siiuple but powerful potential  flow transformation for the 
flow about rotating blades.     The application of this transformation to the 
rotating cylindrical nonlifting blade reduced the potential flow problem 
to an easily solved two-dimensional problem.     By utilizing this potential 
flow solution,  several solutions to the boundary  layer problem on rotating 
blades have been found for the special case where the span is  large 
compared to the chord.     The solutions of Rott and Smith8 for wedge-type 
flows, and of McCroskey and Yaggy9  for the  1 .nearly decelerating flow,   are 
of this type.     The assumption of a large spar-to-chord ratio simplifies  the 



boundary layer equations by uncoupling the equations which govern the 
chordwise and spanwise flows.  The chordwise equation then becomes the 
equation for two-dinensional flow and may be solved by standard techniques. 
Once the chordwise flow is known, it is a straightforward procedure to 
determine the spanwise boundary layer flew. These solutions give no 
information on the effect of the spanwise flow on the chordwise flow, and 
they are not valid as separation is approached. 

S. W. Liu10 removed the restriction of large span-to-chord ratio by 
expanding the velocities in a series in the spanwise coordinate and then 
using a Blasius series technique to investigate the boundary layer on a 
cubic cylinder for several positions of the axis of rotation. Although 
this solution presents many interesting features of the boundary layers on 
rotating blades, expecially at small spans, it is limited in that the 
equations solved have been simplified by the assumption of thin blade 
sections. The solutions are not valid, therefore, in the vicinity of the 
stagnation point. Furthermore, it does not seem reasonable that the 
procedure used by Liu could be extended for use on a realistic airfoil 
(blade) section, since it is well known that the Blasius series technique 
requires a large number of terms to represent the boundary layer on 
practical airfoil sections. McCroskey and Yaggy applied Liu's method to 
a flat blade in forward flight. Forward flight solutions for linearly 
decelerating flews at large span-to-chord ratios were also obtained. This 
work gives considerable Insight into the simultaneous action of forward 
flight and rotation, as well as establishes the method for including 
forward flight in the analysis. 

A solution for a symmetric Joukowski airfoil with forward flight and 
rotation was found by Young and Williams.11 By utilizing a series in the 
spanwise coordinate similar to that of Liu, a solution that was valid for 
small values of span, and from the stagnation point to near separation, 
was found. The variation of the separation point with time and span was 
found for several positions of the axis of rotation, but only the zero 
angle of attack (no lift) case was considered. Centrifugal and Coriolis 
effects were found to be moat important In the strong adverse pressure 
gradients near separation. Forward flight caused the separation line to 
oscillate about the hover (no forward flight) separation line. Separation 
was delayed most on the downstream side of the rotor disk because of the 
predominance of the time derivatives of the nonsteady flow. The effects 
of forward flight, in general, were greater them the rotational effects. 
By examining the order of magnitude of the terms in the boundary layer 
equations, Dwyer and McCroskey6 confirmed this conclusion. From series 
solutions on a rotating flat plate in forward flight, from finite 
difference solutions on airfoils in hover, and from unsteady two- 
dimensional solutions, it was concluded that the unsteady effects and 
rotational effects are larger at smaller blade angles of attack. It was 
also suggested that the chordwise dimension should be nondimensionalized 

by the span. 
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Beyond the preceding investigations,  little if anything has been done to 
answer pressing questions regarding the effects of blade shape, blade lift 
(angle of attack),  forward flight velocity,  and rotation on the boundary 
layer development and separation on a blade of practical airfoil shape. 
The present Investigation considers these factors analytically.     The 
boundary layer equations are expanded in an asymptotic series in spanr 

and then in a finite series in time by utilizing the principle of 
superposition.    The chordwise and spanwlse stream functions are governed 
by a series of two-dimensional differential equations.    These equations 
are solved numerically.    The velocities at any point,  and for any time, 
in the unseparated boundary layer eure now calculable.    The equation for 
the separation line may also be found.    The effects of the inflow due to 
the lift of the rotor disk, the angle of attack of the blade,  and the speed 
of forward flight are assessed. 

• i 
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THEORY 

ASSUMPTIONS 

The axis of rotation is taken to be the Z axis in the rotating coordinate 
system shown in Figures 1 and 2. The blade rotates about the Z axis with 
constant rotational speed fl so that there is no lead-lag notion. The 
blade is assumed to be straight and rigid and to have no twist or taper. 
This restricts the blade from any flapping notion. It is further assumed 
that the blade remains normal to the axis of rotation (without coning), so 
that the Y axis remains fixed in the blade. Both the X and Y axes rotate 
with the blade so as to define a plane of rotation which la normal to the 
axis of rotation. Translation due to forward flight results In a velocity 
SH which lies in this plane of rotation. Die aslmuthal angle ty is the 
angle between the vector SH and the Y axis. The blade under consideration 
is only one of several blades that make up the rotor disk. The entire 
disk will Induce an inflow V^. This inflow velocity is assumed to be 
parallel to the axis of rotation and may be a function of the »pan,  but 
not of the azimuthal angle. The inflow may be proportional to span, or it 
may be constant over the rotor disk. That is, it his the functional form 

- V - n.Y 
a   1 

Both Va and ni are constants;  for a lifting rotor they will be greater 
than or equal to zero, 
irrotational. 

If fl^ is not sero, the potential flow is no longer 

Figure 1.    Rotating Coordinaves. 
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Figure 2.    Blade Coordinates. 

No attempt will be made to account for end effects or tip vortices.     This 
is equivalent to assuming that the blade is infinitely long.    The blade 
length R cannot be neglected entirely, however, since it must be used when 
finding a relation between the thrust of the rotor disk, the inflow, and 
the angle of attack of the blade  (see APPENDIX I).    The boundary layer 
solution must not be applied to the region of the blade near the tip.    The 
reverse flow region must also be excluded from consideration.    This is the 
region on the retreating blade where the flow is from the trailing edge to 
the leading edge.    It is a circular region in the plane of rotation 
represented mathematically by 

AY ••■ S    sin ♦ < 0 
H 

A croas section of the blade is shown in Figure 2. The geometric angle 
of attack ab is the anile between the chord line of the blade and the X 
axis. It is assumed that this geometric angle of attack does not vary 
along the span (the Y direction), nor does it vary with asimuthal angle. 
This precludes any consideration of feathering of the blade, when there 
is no inflow, only the forward flight velocity and the velocity due to 
rotation are present. Both of these vtlocities lie in the plane of 
rotation, and thus the geometric angle of attack coinc les with the 
aerodynamic angle of attack. If inflow is present, as it must be if 
lift is generated, the aerodynamic angle of attack will be the angle 
between the chord line and the resultant of 'the inflow, forward flight, 
and rotational velocities. The component of forward flight in the 
chordwiae direction is SH cos i>.    This results in an aerodynamic angle of 
attack which varies with acimuthal angle. The velocity due to rotation, 
given by ftr, gives rise to a spanwise variation. 



In order   to derine a tractable problem,  the variation of  the aerodynamic 
angle of attack due to blade twist,  flapping,   feathering,   nonuniform 
inflow,  and  lead-lag motion has been neglected.     The neglect of the 
spanwise variation  can be  assessed,  and justified,   from the results. 
The change with azimuthal angle presents more difficulty.     The change of 
angle of attack with time  is  a difficult problem even in  two-dimensional 
flew.    The prosent method of solution can account  for the time dependence 
introduced by forward flight very well,  but this effect is usually small 
compared to the effects of flapping or feathering.    The  failure to account 
fully  for  the change of the aerodynamic angle of attack with azimuthal 
angle is probably the most restrictive assumption in the present analysis. 
The  forward tilt of the rotor disk in forward flight can be easily 
included in the present mathematical formulation,  but the results obtained 
would not be realistic.     The effects of tilt are partially cancelled out 
by blade twist and by feathering or flapping.     Since it  is not practicable 
to include the cancelling effects,  tilt was omitted,  hence  the assumption 
that the forward flight velocity  lies in the plane of rotation. 

Assumptions have been made that would not be  justified if  the performance 
of the helicopter were to be calculated.    The tip vortices have a definite 
effect on helicopter performance, but since this is  not a boundary layer 
effect,   their neglect is justified.    The flow outside the boundary layer 
is assumed to be incompressible and inviscid, and the circulation in this 
potential flow is calculated by the Kutta condition.    The Kutta condition 
is chosen for convenience.    If a more accurate determination of the 
circulation were desired,  the present method of solution for the boundary 
would still bo valid. 

With regard to the Kutta-Joukowski trailing edge condition, one should 
recognize that this condition is only an approximate condition which 
accounts for the viscous origin of the airfoil circulation.    When 
separation occurs on the airfoil,  this approximation is poor.    Unfor- 
tunately,  there has not been established, as yet, an appropriate condition 
to replace the Kutta-Joukowski condition when the separation is extensive 
or when the separation line is time dependent. 

The assunf>tions that have been made lead to equations that are solvable, 
and the results will contain several effects that have not been considered 
in the previous solutions for the boundary layer on rotating blades. 
It has not been possible to include all the factors that Influence the 
development of the boundary layer, but the importance of so«« of the 
omitted factors can be better assessed from the results. 

POTENTIAL rUM SOLUTION 

Before solving the boundary layer equations, it is necessary to furnish 
the boundary conditions at the edge of the boundary layer fron a potential 
flow solution.    This solution has been chosen to present the features of 
the potential flow that significantly influence the boundary layer.    The 



circulation will be calculated fro« the  Kutta condition,  but the  thlcknas« 
of the boundary layer will not be  taken  into account.    As in the boundary 
layer,  the flow is aseumed incompressible.    For ease of calculations, 
results will be found for a symmetrical Joukowskl airfoil.     Interest in 
this investigation is focused on the boundary layer itself,  although the 
method of solution could be applied to a more precise determination of 
the potential flow. 

The inviscid flow over a rotating cylindrical blade was found by Sears 
and Pogarty12 for a constant inflow.    In the rotating coordinate system, 
the velocity vector Q must obey 

V  •  Q - 0 VXQ - - 2flk - 0,1 

The first of these equations Is an expression of conservation of SMSS 
(continuity equation)  in the fluid flow;  the second define* the rotation 
of the external flow.    It is possible to write Q in terms of a potential 
function « and a two-dimensional atreaa function r, 

Q - ^f ♦ ftcT k (1) 

The equation for the rotation of the flow is then satisfied if f is chosen 

T - Q(X2 ♦ Y2)/2 - tytz (2) 

To include the effects of forward flight, t  is written as 

* ' 00 #1 * Vi S * Y ("01 * SH ^ ^ i3) 

where a0 - QY ♦ SH sin ut. 

The boundary conditions on ♦ and t are 

t2*-2 at X ♦ S - •   •1 - X, ♦j • « 

on the surface of the airfoil i 



IT ^ (a - V - ir 

«tMr« (a - ab)   i« th« «ngl« b«twMn the Z axl« and th« noraal to th« 
•urf«c« Of  th«  bUde. 

Th« «quatlon of continuity is ••tlafiod if «^ and «2 •r- tvo diaanaional 
(in X and Z), and if thay satisfy 

3i
2  ax2 

it*      it* 

Thus« #x •nd *2 lu:* th# tHO-dinansiaoal potantials for flow around tha 
rotor blada saction in a unit strasa. Tf tha rotor blada ganaratas lift, 
thara will b« a circulation indudad in tha potantial. 

Nondiaansionalising tha langths by tha chord of tha airfoil c and tha 
valodtias by Oc, tha valocitiss ba< 

0 Ji  l ai 

V-^1-2X^sHcost> «i(Z - ♦j) 

-  - »♦!    a*2 
0 ai  i ai 

In ordar to find tha v«lociti«s at tha adga of tha boundary layar, tha 
valocitias auat b« writtan in a coordinata systsa fixad 00 tha body. 
Tha distanca along tha surfaca of tha blada x is B»asurad fro« tha laading 
adg«. Tha s diaension is aaasursd nonul to tha surfaca. Ths spanrisa 
diasasioa y is aaasurad in th« spanwisa diraction fro« tha axis of 
rotation. 



It is also convenient to define a Cartesian coordinate system that is 
fixed with respect to the blade, as shown in Figure 2. The XR axis will 
lie along the chord line of the blade. The angle between the X axis and 
the XR axis will be the blade angle of attack afa. The ZR axis is 
perpendicular to XR, and is at angle oiĵ  to the Z axis (the axis of 
rotation). The origin of the XR, ZR coordinate system is the point where 
the Z axis intersects ihe chord line of the blade. Thi« intersection is 
at a distance XQ from the leading edge of the blade. 

Finally, it is convenient to define two new potential functions in the 
new XR, ZR coordinate system. In this system, <j>0 is the two-dimensional 
potential, on the surface, for a unit stream in the chordwise direction, 
and <f>p is the two-dimensional potential, evaluated on the surface, for a 
unit stream normal to the chord. There is no circulation in (J> , but 
matching the Kutta condition requires a circulation in <f>p. The velocities 
at the edge of the boundary layer, u{ and v&, are now given by 

u6 = ^ a + v a Q c + T 2 fle <4> 

V6 = *3 + T1 " V 2 c o s "b + u i s i n V + V - 2 s i n % + u i c o s V (5) 

where TQ =1, ^ = SH cos t, T2 = SR sin t 

Vi = " va " uiy 

a = 3<j) / 3 x , Q = 3<(> / 3 x , Q = 3<fr / 3 x » a c c e e 

$ a = (cos ct^ + b)i s i n a^) <j>o + ( s in - UK cos a^) 

<fc = i s i n OL - <f> cos a. c a b p b 

<f> • cos a + (j> s i n a, 
e u D p D 

Once <J>a and <pp are found as functions of the body coordinate x, the 
velocities at the edge of the boundary layer can be evaluated. All 
velocities and lengths in the remainder of this section, and in the 
following sections, are nondimensional. 

For ease of calculating <J>a and <f>p, a symmetricâ  Joukowski airfoil will 
be used. The parameter e is related to the thickness of the airfoil; 
the value e =» 0.092 gives an 11.9%-thick airfoil. This thickness was 
chosen so that the airfoil would closely resemble an NACA 0012 airfoil. 
The NACA 0012 is widely used for helicopters. It is less blunt - ar the 
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leading «dga and is flatter naar the quarter chord than a Joukovakl 
airfoil.    To lessen these differences,  the Joukowski airfoil was chosen 
to be thinner   (11.9% thick as compared to the 12%-thick NACA 0012). 
In terns of the parameter o, the potentials are 

♦o -  (1 ♦ c) o/2 

♦    -  (1 ♦ c)[sVl - o2 - tan'1   (S Vl - o2/o)l/2 

where    S    ■ ♦!  denotes the upper surface of the airfoil 
9 

S    ■ -1 denotes the lower surface of the airfoil 
9 

The parameter a   is given as a function of x by 

^ - B(o)       ,      x - /    B do (6) 

-1 

dX 
where B - -rr- / cos o 

tan o - JJ- 
o 

0 ' 1 ♦ c    - 2co * u 

0 4       ' 1 ♦ e2 - 2eo 

The angle a is  the angle between the normal to the surface and the ZR 

axis.    Xg and za are the coordinates of the airfoil surface in the 
Xn>  Zn coordinate system. 

Considsrabla simplification can be obtained for certain special cases. 
A solution is available for the rotor blade at aero angle of attack and 
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no Induced flow  (a^ -  0,  vi - 0)  in Young and Williams.11    For this case, 
the velocities at the edge of the boundary layer are 

u6 -  (y •♦  '%)  a, (7) 

v6 " ♦o + Tl ' 2Xo (8) 

This,  in turn,  is contained within the special case of forward flight with 
constant induced velocity  (w.  - 0),  for which 

u. ■ yfl    ♦ v ü    ♦ T„Ü (9) 6      '  a        a c       2 a 

v6 " ♦o + Tl " 2Xo ^ % " 2Zo min % (10) 

♦a " ♦o ^ % + ♦p ,in "b 

♦c " »o •ln »b " ♦p «^ »b 

In the case of hover (BH "0/, it is sore convenient to allow the induced 
velocity to be proportional to the span (v - 0) .  In thi; case. 

u6 - y«4 (11) 

v. " ♦ - X  (2 coe «k, ♦ »i ***  O ♦ z0^"2 •in «V ♦ «i cos öL )    (12) 

In order to calculate Xg,  z0,   ♦    and *0,  it is necessary to specify the 
airfoil shape (in all «canplM herein, a Joukowski sirfoil) and the 
airfoil thidmew  (always 11.9%).   The only purpose of finding the 
potential flow Is to furnish the boundary conditions on the velocities 
Ug and Vj.    These depend on the choices nade for the constants ab, u^ 
end ÄQt once these are specified, the boundary layer equations nay be 
solved.    The general theory in the next section is spplicable to both the 
hover case and the forward flight case.    In succeeding ssctions, advantage 
is taken of the siavliflcations in u^ and v^ that occur in the above two 

11 



BOÜNDABY IAYER EQUATIOWS 

By making the uaual boundary layer aaaunptlons» the Navler-Stokea 
equation» can be reduced to the simplified equations for the boundary 
layer on a rotating blade:9 

31 + 37 + 31 " 0 (13, 

2 
3u j       3u ,       3u .      3u      .. . . . 3 u   . . 2 
^ + U Tx + V 37 + W 3l " 2(V " V6)  CO"   (a " »b)  " v -2 / ßc 

3t 

3u6            3u6            3u 
-  + u,  + V,   

6   x        6   y 
3t 

2(u - u6) cos  (o - o^)  - *» ^-j / Oc2 

^t          av«          av« 
" ,-  + »« a.  ^6 ay 

(14) 

•5~ <15) 

The boundary conditions for these equations are: 

at    « - 0 u - v - w - 0 

at   a - • u - u.,   v ■ v* 

These equations differ fro« the uaual unsteady, three-diaensional boundary 
layer aquations in the teras that give the Cor lolls acceleration. Theae 
ten», involving the product of velocity and cos (a - aj,), svpoar 
explicitly because the aquations are written in a rotating coordinate 
aysl 

As the span Increases, there la little change in the spanwise flow. The 
potential flow in the spansise direction u^ is independent of span. T1M 

dependence ia introduced into the equation« by the forward flight speed, 
which ie .lso independent of span. However, the chordwlse velocity due 
to rotation ia proportional to span. Thus, at large values of span, the 
chordwiee flow ia doainatad entirely by the flew due to rotation, and both 
tine dependence end the spanwiae flow becona negligible in the chordwiee 
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momentum aquation.     It is not that the spanwise flow and time dependence 
have become BO email, but that the chordwise flow due to rotation has 
become so large when the span is large,  that the effects of spanwise flow 
and time dependence are relatively small.    The underlined terms in the 
equations may be neglected at large values of span.    Typically, the effect 
of spanwise flow is negligible in the chordwise equation at values of span 
greater than three to ten chord lengths and  at time dependence from five 
to fifteen chord lengths.    Over a significant portion of a typical 
helicopter rotor, the boundary layer flow is governed by the asymptotic 
solution at large span.    The chordwise flow in such an asymptotic solution 
is given by the steady,  two-dimensional equations,  and thus separation 
occurs at the same point as in two-dimensional, steady-state flow. 
Figure 3 shows the separation line approaching the two-dimensional value 
at large span. 

LEADING EDGE OF THE 
AIRFOIL 

TRAILING EDGE 

SERARATION LINE 

\K-** 

Figure 3.    The Separation Line. 

Itoe solution at sauillar values of span is found by expanding the stream 
functions in an asymptotic series in the span.    This nay be done most 
simply by allowing the first ten in the series (or the first 
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approximation to the solution)   to be the two-dimensional solution at the 
same chordwise position.    In Figure 3,  if this technique is use^, the 
first approximation to the velocity profile at point 1 is the profile at 
point 2.    The profile at point 2 is in the separated region.    The profile 
at point 2 is difficult to obtain,  and once it is found,  it will be a 
poor first approximation to the profile at point 1. 

A superior technique for finding a first approximativ to point 1 has been 
devised.    The X coordinate may be transformed into the i coordinate.    The 
C coordinate is stretched as span decreases so that point 1 has the same C 
coordinate as point 3.    Point 3,  like point 1, is in the unreparated 
region.    The ^ coordinate,  if chosen so that the separation line always 
occurs at the same value of £,  say £  , will give a much better solution 
near separation.    If time dependence is introduced by forward flight, then 
the £ coordinate will expand and contract with time as well as be dependent 
on the span.     The transform fron x to £ is accompanied by a complete 
coordinate transform, which is given by 

C - (x - Xj   (y,  t)] q (y, t)    ,    c - y (16) 

n - MyOÜgAOc - O    »    ♦ ■ t 

u - u6 fU.c.n,*)      ,      v - gMCcn,*) (17) 

w -Vv(x - x^/ßu^ wU,;,n,ilO/c 

In the transformed system,   the boundary conditions become 

at   n"0 f-f -g-g' »w-O 

at   n ■" -) f - 1     ,      g' - v. 

The primes denote differentiation with reapect to n.    The €*  C# n 
coordinate system has the sami orientation as the x# y, s system, but the 
dimensions are stretched.    For example,  the n direction is the same ar< 
the z direction; it is normal to the body.    The n coordinate, however, is 
stretched by the familiar Falkner-Skan factor"\/uj/vx.    This factor 
accounts for the dependence of the boundary layer height on u^, v, and x. 
The stretching of the (. coordinate to account for the position of the 
separation line is accomplished by Including the factor q.    if q is chosen 
correctly, the separation line will have the constant location £a for all 
values of ; and ty.   Since the separation line is not yet known, q cannot 
be found immediately.    Instead, q will be written in the form of a series 
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in l/c, with the coefficients in the series still undetermined.    After 
solving a series of differential equations/  these coefficients will be 
determined from the condition that the separation line be invariant with 
C and ii. 

The choice of Xj determined the origin of the f, coordinate.    It is most 
convenient to let Xj be the position of ehe stagnation point in the x 
coordinate system.    It will usually be a negative number;  it is defined 
as the value of x at which 

u6 - 0 

For this choice of x  ,  the stagnation line will be given by £ " 0. 

The velocities have been written in terms of stream functions.    The 
stream function for flow normal to the surface w can be eliminated through 
the continuity equation.    The stream functions for chordwise flow  (f)  and 
for spanwise flow  (g)   are given as functions of £, £, n and i)» by the 
simultaneous equations 

u6 (-f", - i ""+ ^f • If - cf- |f) + ^ A (f2 -1 fr -1) 

«    St     <  9t   *3<    «      at       3* 

+  r   (g.  HI-   f- |i)   ♦   (iia.iaÜl,   5   (g.  Kl.  f. il) 

3x        tu CQ , 
+ If £"9 sT1 + "F Tl(£, + 2 f" " ^ + "T (g,f' + J ^5 - V6, 

- 2 ^ (g    - v.)   cos  (a - a. )  - 0 (18) q ö b 

u6
2 [-g'"  - f fg'  + C(f' |f - 9" |f)  " -~ - -i | «in  (a - ab) 

+ 2f i cos  (a - ab)]  + i u6T2 - i 5u6 ^ fg" 

+ ^tc|f+(|^-f^)c|f+Cnf^g" + W'|f 
qc       3*       1 at    c   3t      3e 5 at ac 
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+ (i »a . at Üi, ^ (g. ül. g. üL, . cg. li + at Üi „., 

♦ ~ W" ♦ ~ n^g" - O     (19) 

Fro« this point on« the development» of the hover ca»e and the forward 
flight case diffur, hut the general method li the same. The etraaa 
function« are expanded In asymptotic series In 1/t.  Also, functions such 
aa Q and q are converted to functions of (,, I,  and iji and expanded in 
series. The boundary layer equations than become a series of aquations. 
The details of these calculations are outlined in the following sections. 

HOVER CASE 

In the hover case, the forward flight speed sH Is zero.    It will simplify 
the solution considerably If the constant part of the inflow is eliminated. 
For the hover case, therefore, the induced velocity is taken to be 
proportional to span, i.e., 

vi - - ^ y 

This casa is considerably simplified by the elimination of time dependence 
and by having a constant aerodynamic angle of attack aa. The geometric 
angle of attack ot the blade ab (the angle between the chord line and the 
plane of rotation) is constant by assumption. The aerodynamic angle of 
attack la than 

aa " 0b " "i^O  " ^ " ui {20) 

for small values of u^. This makes the position of the stagnation point 
xj constant. The value of xj i* found by determining the value of x at 
which U{ is equal to zero. This gives a value of o (o is the parametric 
variable for x) at the stagnation point o . 

Oj - (1 - L2) / (1 + L2) 

L - -(1 + (^ tan o^) / (tan o^ - o^) (21) 

If L < 0, the stagnation point Is on the underside of the airfoil, and S- 
is taken to be -1. In body coordinates, the stagnation point is 
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0I 

Xj - /  B do 

-1 

with s - L/|L| . 

It ii convenient to define the following functions of x: 

2 co« (o - a.) 
C 5  H - (x - Xj) ü, 

X - X 
C* - (i)i (x - Xj) sin (a - o^)  , P - —g  

a 

x - x, du 
M 3L—i 

<1   dx 

These functions appear in the boundary layer aquations.    Before solving 
the boundary layer equations, the functions of x, y, and z must be 
converted to functions of (, {, and n.    Since the transform between the 
two coordinate systems contains the function q, this function must be 
chosen before solving the equations.    The first step in preparing the 
equations for solution is to decrease the number of independent variables 
from three to two.    The variable C will be eliminated from the equations 
by expanding the dependent variables in infinite series in 1/C.    The 
coefficients in the series, in general, will be functions of C and n. 
First, the stream functions will be expressed as infinite series in C as 
follows t 

-2n f -    I    F'n T (22) 
n-0 

9' "    I    G;n t"2" (23) 
n-0 

2n 

where the Fn and Gn are functions of £ and n. The series is infinite, so 
the accuracy of the solution will depend on the number of terms retained 
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and the rapidity of convergence of the series. In order to expand the 
functions Cc, Cs, H, P, M, ua and v~ as functions of the form of the 
function q(y) must be chosen. The function q will stretch the chordwise 
dimension £ so that separation will always occur at the same value of £, 
say £ . The criterion for separation is taken to be 

f"l„,0 • 0 -
 FS • 

For the separation to be independent of ?, it is required for all n that 

F" I = 0 at •? = C (24) 
n s n=0 

This is not a requirement that separation occur at the same point along 
the chord or that it be independent of the span. The spanwise dependence 
of the separation will be removed from the equations and expressed 
explicitly in the function q. The relation between the physical chordwise 
dimension x and the transformed, stretched dimension £ is 

x = S/q(y) + xz 

Thus, since Cg is independent of 5, the position of the separation line 
in physical dimensions is 

x = C /q (y) + x (25) 
S s 1 

By intuition, and by trial and error, an appropriate form for the 
arbitrary function q has been found to be 

q = 1 - K2y2 + ... (26) 

The constant K2 will be determined after the equations have been solved. 
The functions Cc, Cs, M, P, H, Qa, and v6 are all functions of (C/q + Vj), 
and they can be expanded in series in the following manner: * 

00 00 

Cc = I cC
2n i f 2 n H = I h 2 n i f 2 n (27) , (28) 

n=0 n=0 
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C    '    I    c.l. '2n 
n-0 

t    "2nC 

n-0 

•2n 
(29),(30) 

n-0 

•2n 2      -2n 0    -    [    ut    C • £       2n ^ 
n-0 

(31),(32) 

P -    I    P,    C 
-2n 

2n 
n-0 

(33) 

"Hiese functions depend on the values of a and ta obtained fron the 
potential flow solutions.    Once the constant parameters u^,   ib and XQ are 
chosen, the techniques of a Taylor series can be applied;  for example, 

P^q ♦  «j)   - P(C  ♦  1^)   * K2   C  ^ir+ Xi) 

dP«^) 2 

/  C    +   . 

Now that the C dependence has been expressed by an infinite series, 
the governing equations bscosM an infinite set of equations in t and  n. 
Retaining only the first two terns of the velocity series yields 

a + 1 SF*    3F 
p« • • 2  F F" + m F'2 - m + £ (F' —- _ p" —9.)   - Q 
0       2   0 0   0 0    0  ^l 0 3C    OH (34) 

«0 ♦ 1       3F 3G' 

^ - (^T-Fo + c aT' GS + 5F6 aT " ho(1 " fto* ' ^o ' 0 (35) 

.P... . (. 
♦ 1       aF 3F'      «»n + ! 

— Fo+«ar1 P2+ {2moro ^Tr)F2 - -V-poF2 

+ «(FiI^-F5?^,+-2(pö2-1-ipsv 

+ PoIGopö " vo + I F3Go - co(Go - vo)] ■ 0      (36) 
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2 *      2 0       ^  3C 2       ^0  3C 

«   ♦ i ar       ■ p JGl 

+ h0(c2ri + ♦P   ■ C5 " 0 (37) 

The boundary conditions are 

at    n - 0 r.  - G. - F'  - G*  - 0 

•t    n - - ro " 1      '      F4 " 0     f«>r     j > 1      ,      Gi " vi 

At C ■ 0, th* product üaFl has a finlts, non-saro value.    Sine« C " 0 
Is the stagnation point or the potential flow, üa - 0 there.    However, 
rotational effects causa a small flow in the boundary layer there, and 

A singularity in the straasi function is caused by the nethod of nan- 
dlaensianalisatian chosen. To avoid this, and to remove Kj from the 
aquations, let 

Fl p" - K,F'     ♦ Fl (38) 2    0        2 2k 2c ' 
4 

The eq>uitions for the stream functions can now be solved if the potential 
flow solution is known. This solution is fixed by the type of the airfoil 
(in this case, a ayamatrical Joukowski airfoil); the maximum thickness 
(fixed by the parameter e; in this caae e - .092 for a maximum thickness 
of 11.9%); the position of the axis of rotation, XQI the geometric angle 
of attack, a^j  and the induced velocity, which is proportional to u^. 
All these are nondimensional quantities; the lengths are nondimensional 
with raspact to the chord and the velocities are nondimensional with 
respact to the product of chord and angular velocity. Ones the equations 
for Fjjj and F2C are solved, Kj is found from Equation (32), which may now 
be written, for n - 2, as 

K2F2k + F2c ' 0    mt n - 0  'nd  C " Cs (39) 
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•nd C i» the v«lu« of € at which 

rj - o   «t   n ■ 0 

The valocltiss in the boundary layer are 

u - yüa(x) [F^ ■»■ (K2P^k + ^c)/iiJ;
2 + ... ] (40) 

v " G0 ^ G2/c2 * *'* <41) 

Once the equation« for PQ, 6Q, F,^ and F2C have been solved, and the value 
of K- is found, the chordwise and spamd.se velocities are known. 

FDBWARD FLIGHT CASZ 

For this case, the analysis is simplified if the induced velocity is taken 
as constant (u. "0), so that 

V. ■ - V 
i    a 

For a lifting helicopter, va is a positive constant. Both the aerodynamic 
angle of attack acd the stagnation point vary with time and position along 
the span. The stagnation point is found by setting ug equal to zero. 
This gives 

aI - (1 - L2)/(l + L2) 

L - - I(y + T2) cos o^ + v^ sin a ] / I(y + TJ sin o. - v cos OLJ 

Sg - V|L| 

In body coordinates, the value of x at the stagnation point is given by 

0I 

Xj - /  B do (42) 

-1 
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wh«re B It   the   function of o  aivpn by Equation   (6) .     The dependence of x. 
on y and t it complex,  but x    may be expanded in a series in y,  {.•., 

2 
Xl    ' X0 *  Xl/y *  X2/y 

X0 

01 

- /       B do 

-1 

Xl    ' VlO ' " ^^I cos (^ .in (^ 

_    2 
X2    " VaX20        a 2X22 X22 * "  X10 

X20 -   (3B/3o)J 8 cos2 c^ gin2 o^ 

+ B*   [2 sin2 o^   (3 cot2 Ojj - 1)   - 4 cog2 o^] (43) 

n The superscript * denotes "the asymptotic value for larg«   values of y.' 
For example, as y becomes large, x becomes £*, where £* ■ £ + XQ*    XQ» 

X10' X20 axid X22 are constants and are independent of va, ii, and 5,    The 
equations will be made independent of va by a careful choice of the 
coefficients of the double subscripted terms.    A variable with a single 
number as a subscript will be independent of c*    A double subscript or the 
single subscript 0 (except for Gg)   indicates independence of c,  4», sH, and 
va.    This removal of induced velocity is possible because u± is sero and 
the flew at the edge of the boundary layer has been simplified to 

♦e " ♦a " ♦o C08 % + ♦p •ln ^ 

♦c " ♦o 8in % ' *p C08 ab 

u6 - (y + T2) aa + vaac 

v.  » T,   +0 
0 1 

^    «4    - 2(X    cos a.   + Z    sin a. ) Ta o bo Tb 
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Th« function« ila#  ür,  0,  and cos   (a - ub)   ar« functions of x only. 
However,   in the traneforwed coordinate lyates«  (C,   (.,   n,   *)   they are 
function« of ; and ii  (am wall a« f.), because xj and q depend on r  and i. 
As In th« hover cas«,  q 1« chosen so that separation,   given by 

tmUm, ;, n - O,*) - 0, 

occur« at a fixed value of f.,  »my  (g. An appropriate form for q haa been 
found to be 

q - 1 - Kj/C - K2/; ... (44) 

1   «10 

2   20r   «20   21 1   a 22 2 

UM doubl« aubicripted K'a are conatants. 

Thia choice of q allow« function« of x to be expanded in a Taylor series 

in VCi 

♦ - y v c L        n * 

n-0 

-n 
(a - ab) - I    cn c 

n-0 

-n 
(45),(46) 

a .-n 
ü - F P c 
a   *•  n 

n^O 

c _-n 

n-0 

(47),(48) 

6 -n 

n-0 n-1 

(49) 

A« an example, the coefficients for ^ are found to be 

v0-^ 
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Vl "  (X1 *  «!><'♦/>«)• 

DM vn urn »till functions of i and va,  «o a furthar aapanaion la 
nacaaaaryi 

vi - Vio" v.(xio* cit10)Ot/a«)* 

V2 * V20 * V20r * T1V21 * V2V22 

V20 " (X20 * ^10 * K2o
)(*f/*,l,# * (X10 *  CIC1o>

2(»2^«2)2/2 

20r    20r 

V21 " «,t21(^t/^X,* 

V22 " <X22 * K22>(JVaK)* 

Tha othar functlona of x ara hand lad in a aiallar aannar. In ordar to 
axpraas tha ooaffidanta of tha atraaa functions In tha boundary layar 
•quatlcna. It la convanlant to daflna tha followlaft 

P0 -\ (50) 

"o 

aw6 £   0 

Mo 

■1 'H 6'ar"v. "IO {S2) 
Mo 

■W " ^O ■ik + "lOc (53) 
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6        6      6 

\   ' H   '   6 H 

'ak *20T * V*» ^O * ^Oc1  * Tl m2k K21 

♦ ▼    T_   (■„   K,. ♦ ■__  ) {54) a    2      2k   22       22c ' 

At this point, all th« «xprassions In th« boundary layer aquations have 
baan written In sarlas for» axctpt for tha straaa functions.    They ere 
now written as 

t - »0U,n) ♦ F1(C.n,*)/c ♦ F2(C,n,WA2 ♦ ... (55) 

9 - ö0(C.n##) ♦ ^(Cfif^/c ♦ ... (56) 

Fi " Vio ■ Wlk + 'lOc» w> 

r2 " I(,20r * ^r ¥3k> * (r20o + ^20 ,2k) ^ + Tl  (P21c + K21 P2k, 

♦ ▼ T_(F,_    +K,, F^)l/liJ       (58) a 2    22c        22    2k        0 

co " coo + coiTi (59) 

Cl - VlO + VlCll + T2012 (60) 

Substituting all tha Infinite series Into the boundary leyer equations and 
neglecting the terae of higher order In 1/C2 in the F series and 1/c In 
tha 6 series, the equations to be solved swy be found,    nie equations for 
the first tense In the streasi functions are 

■    ♦ 1 « 3P' 3F 

- T - -V-vs * Vo - *o+ «(Fo IT - F5 3^, -0     (61) 
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^«W - - 5(Fo co - ^ (62) 

DG(G01)   - 0 (63) 

m    +  1 3P 3G' 
where    D  (G )  - - G'"  -   (~ F    + £ —-) G" + IF' —=• 

The equations for the second terms in the series for the stream functions 
are 

r 2     1 
D  (P    )  » - o m       (F*     - -i F F" -  1) (64) 
ll Ik' p0 Ik   v 0        2    0 0        ' l    ' 

of (P,   )  » - Prtm-ft     (Fl2 - ^ PAF"  -  1) (65) 1    1c ^0 10c      0        2    0 0 

m    + 1 3P 
where   D^)    - - P-• -  (^—~ *Q + t jf) FJ 

3F' % * l 

+ (2moFi ^Tr)Fi- —r- pSpi) 

3F1 3F 
+ ^pÖ3r-FS3r 

m   + 1 3-.'. 
D  (0    )  -  (-^ P      +£'--— -f -• p   m     F )  G" 1  10'        *      2 10       ^  3^ 2 p0    10    0'     00 

3G' 

" Fi0 ^  3^ "  5   (Fi0 C0 + F'0 C10 - V 

" K10 5   (F0 C0 " ^ (66) 

DG(G11)   -  (52-1- F10 + C ^ .. iPo ^ Fo)   GSi 

SG' 

" po ^ H21        (67) 
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D (G12) - - P0(l - GJX) 

The operator D (Gg) is given above. The third term in the series for the 
chordwise stream function is given by 

P D (F ) 
2* 2k; 

2   1 
- on  (F*  - ■=■ P" 

^ 2kv 0 
, F^F,, - 1) 
2 0 0 

(69) 

F D (F   ) 
2l 20r' 0 00  2 00 0   0   ^0 0 0   00 

(70) 

^O^ 

.  m + 1 

V   2~ Fio Fio ' mo Fio + CFio at - m^ Fl? + CF! 
W\n 3F,« 

^io ae 

C m-rt (2F' F'  - T F?^ F« - T K  Flrt) 10   0  10  2 10 0  2 0  10 

- 5(m 20c " T" ml0) (F0 " ~ 
^0 

F F" - 1) 2 0 0   ; (71) 

F D (F  ) 
2V 21c' 

5 (Fl " 2 + ^ P") s 0      2 0 "o co(1 "M' 

- ?(^ F" Gftl + FL G'J 2 0 01   0 01 (72) 

D  (F  ) 
'V 22c' - C(m 22c 

'12 
6 »IOJ 

(Fi2 
i p p" 
2 0 0 - 1) (73) 

where Dj^) 
m + 1      3F 

- pin _ /_2 P + £ —2.) F" 
2    l  2   0  ^ 35 '  2 

3F'     mn ~ 1 
+ (m P' + £ —2.) P' + -2 P" F T ira0 0  ^ 3£ ;  2     2   0 2 

+ r/pi —£ 
^0 3f: 

3F2 
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The variable ip has been eliminated from the equation by applying the 
principle of superposition.    The independent variables in the equations 
are C end n.    The equations have the boundary conditions given by 

At n - 0 
"nj ■ PAl 

o G  - G' . nj   nj 
■ 0 

at n - - 'i"1 t P«  . 0 
nj 

for   n > 0 

ahm\ 1 G* - ] ^01 i G" . - v nj   nj for n > 0 

These equations may be solved sequentially, once values have been fixed 
for the thickness of the airfoil (e), the type of airfoil (symmetrical 
Joukowski), the geometric angle of attack (o^), and the location of the 
axis of rotation (X ). The separation point £ is the point at which 

P0(e8'0) ' 0 

The values of K , are found from the equations 

p-v<5.»0) K . + P". U /0) - 0 (74) nk s    n]   njc s 

The equation for the separation line is given by 

Xs " X0 + Vic/y + (VaX20 + VaX22 T2)/y2 

+ V11 ' VW* " (K20r + V«K20 + T1K21 + V2K22)^21    (75) 

The velocities in the boundary layer are given by 

u - (yfl (x) + v Ü (x) + T.Ü ) fMCCHr*) (76) a     a c     * a 

v - gMCfCn,«) (77) 

The stream functions f and g are given by Equations (61) through (72). 
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METHOD OF SOLUTION 

For both the hover case and the forward flight case, a series of equations 
for the stream functions must be solved. The dependent variables in these 
partial differential equations are the transformed chordwise coordinate 
5 and the transformed coordinate normal to the surface of the airfoil ri. 
By finite difference techniques, numerical solutions can be found from 
straightforward calculations. Special techniques are required to start 
the solution at the stagnation point, and some numerical experimentation 
Is required to find the optimum spacing in the C direction. The calcu-
lations for the potential flow and the conversion from the transformed 
coordinates to the real coordinates involve considerable algebraic 
manipulation, but the computer programs, especially thetone for forward 
flight, are simple and straightforward in logic. Both are shown in 
APPENDIX II. 

The potential flow solution requires the solution of the differential 
equation 

dx / da = B(o) (78) 

where x = 0 at a = -1. This equation must be solved to find the value of 
x at the stagnation point, and then for each value of x, the corresponding 
value of a must be found. This was accomplished by the KK1 Runge-Kutta 
scheme in the IBM System 360 Scientific Subroutine Package. Since B 
becomes infinite at o = -1, the value of x must be known at a value of o 
greater .than -1. For (a + 1) « 1, B(a) can be simplified and integrated 
analytically. The relation between x and a near a = -1 is 

e /2(1 + a) 
1 + e 

Since the integration of the differential equation cannot begain at a = -1, 
it begins at (o + 1) = 10~20. 

A similar situation is encountered at the stagnation point, where several 
functions become indeterminate. The function m„, 

0 

5 < m = -2— 
0 a d£ u M0 

is indeterminate in that both the numerator and denominator are zero at 
C = 0. It is well known that the velocity is proportional to £ at a 
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stagnation point, and that m0 should equal 1. To avoid exponent overflew 
(the computer, an IBM 360/75, is limited to exponents of about 75), the 
solution was started at values of £ of 10"^ to 10"^. For £ = 1.2 * 10 
the value m0 = 1.00004 was found, and F!1 = 1.23259. This is close enough 
to the stagnation point value of F" of 1.2326 to ensure the desired 
accuracy. Varying the starting value of £ by a factor of two produced 
insignificant changes in the solution. 

A similar situation was encountered for = 0. Although negative angles 
of attack cause no problem, exponent overflow occurs for ct̂  much less than 
0.005°. A solution at 0.005° was compared to a solution specifically 
designed for only zero angle of attack, and the results of this comparison 
indicate that 0.005° is a satisfactory approximation to zero degrees. 
The results for the hover case for zero angle of attack are found from 
Reference 11, and for forward flight, the 0.005° approximation was used. 

Since all the functions of x, such as Qa and cos (a - a^), are actually 
known as analytic functions of the parametric variation o, the 
determination of o for the desired value of x allowed the functions of x, 
and their derivatives, to be found. This allows the functions of £, such 
as yf a n d c0' t o b e f o u n d' a n d a 1 1 t h e coefficients of the stream 
functions in the equations to be solved are determined. Each equation is 
a partial differential equation in £ and T|. If they are solved in the 
correct order, each equation will contain only one undetermined stream 
function. This allows the equations to be solved sequentially, and not 
simultaneously. The starting of the solution in the £ direction is 
simplified by the form into which the £ derivatives have been cast. Each 
derivative with respect to £ is multiplied by £. Thus, at £ = 0 the 
equations become ordinary differential equations in n- Once a solution 
is found at the stagnation point (£ = 0), the solution proceeds in the £ 
direction by the method of A. M. 0. Smith.*3 

This method reduces each partial differential equation to an ordinary 
differential equation in n at each successive value of £, by expressing 
the £ derivatives in terms of the values at the preceding stations by 
Lagrangian finite differences. When the solution is known at the 
stagnation point (£ = £i), £ is incremented and a solution at £ = £2 is 
sought. The £ derivatives are approximated by a two-point Lagrangian 
formula using values at £^ and £2. The equations are solved in n at 
£2. At the next point, £3, a three-point formula is used, and at each 
succeeding point a four-point formula is employed. The spacing of the 
points required some numerical experimentation. The two-point formula 
is considerably less accurate than the three point, so A2(Ajj = £jj -
is small, typically .5 x 10"3. A. M. 0. Smith13 has given several 
guidelines for the selection of £ spacing. If the value of £ĵ  / Ah is 
greater than 25, the equation for FQ may become unstable. This 
instability is manifested in an inability to find a solution for the 
ordinary differential equation in ri. If the value of Ajj is too large, 
the £ derivatives will be inaccurate. The accuracy can be checked in two 
ways. After finding a solution at point £jj+̂ » ^ central difference 
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differentiation using ^-1'   ^h'  and ^h+1 can be compared to the backward 
formula   (using Ch»  ^h-1'  ^h-2'   •••'   used in the solution.     This method is 
not as complete a check as rerunning the entire solution with smaller 
values of A^.     Since the accuracy of the  £ derivatives depends strongly 
on Aj,,  this will reveal any inaccuracies  that affect the results.     From 
30 to 60 stations in C were required for the case run,  with values of 
Cjj / Ah ranging from 8 to 25 away from the stagnation point.    Near the 
stagnation point,  A^ was varied from about 0.002  (at large angles of 
attack)   to 0.005   (at sm^ll angles of attack).    Near stagnation,   A.   ranged 
from 0.01 to 0.02. 

The equation for FQ is the equation for a two-dimensional boundary layer. 
At the point of separation it has a singularity,  and the solution cannot 
be carried to the separation point.     Smith and Clutter1 J have shown that 
it may be accurately found by extrapolation.    To approach the separation 
point closely enough to successfully extrapolate often required two or 
three attempts  to find a suitable spacing.     The instability in the 
ordinary differential equation near separation is similar to that caused 
by large values of Cjj / A^.    In both cases,  the scheme used to integrate 
the equation in n failed to converge.    The conditions under which  the n 
equation diverged depended partly on the integration scheme used. 

For the hover case,  a Runge-Kutta scheme,   attributed to Kutta14,  was used 
to solve the ordinary differential equation in n.    One of the boundary 
conditions on F^   (cr G^)  is given at n = 00.    This requires that guesses 
be made of a maximum value of n large enough to cause little error,  and of 
the value of F£ at the wall that will match the boundary condition on F^ 
at the maximum value of n-    Little difficulty was experienced with the 
linear equations, but for the nonlinear equation for FQ, and error of 10 
in FQ often caused appreciable error in FA at the maximum value of n. 
This problem was greatly accentuated if the maximum value of n was so 
large that FQ became much less than 10"  .    Near separation,   or if Cjj / A^ 
became too large, the equation would not converge.    Since the computer 
retained only 15 significant digits,  this could limit the accuracy of Fg 
to less than that needed to match the boundary condition in Fg at the 
maximum n-    This divergence of the Runge-Kutta integration made it 
difficult to approach the separation point closely,   and required constant 
adjustment of the maximum value of n. 

For the forward flight case. Lew's method of accelerated successive 
replacement15 was used to solve the equation in n.    This method has some 
of the features of quasi-linearization.    For each equation,  an estimate 
of Fn  (or Gn)  at discrete values of n^»  ^ ••• n^ raax)  is required.    The 
values of Fn, FJJ,  and F^'•  at n^ are found by finite differences from the 
current value of F^ at n^.i,  n^ and nj,.,.^.     The error in the equation is 
used to find a new value of F^, and the old value is immediately replaced. 
This procedure continues until the change in F,^ is less than 10~^ or 10"^. 
Both the accuracy and speed of this method depend strongly on the spacing 
between the values of n.    A spacing of .1 gives sufficient accuracy   (3 to 
4 places).    The computer time required is greater than that of the 
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Runge-Kutta scheme, except near separation, where they are comparable. On 
an IBM Model 360/75, even the Runge-Kutta scheme required 5 to 8 minutes 
of computer time. For n greater them 4 or 5, the spacing in n was 
gradually increased, but the decrease in computer time is probably not 
worth the effort involved. Using Lew's method, the maximum value of n and 
the values of Ah are less critical, and separation can  be approached more 
closely and easily them with the Runge-Kutta scheme.  The method of Lew 
proved much simpler to program, but comparison with the results of the 
Runge-Kutta scheme were necessary to establish confidence in its accuracy. 

Since neither the Runge-Kutta solution or the solution by Lew's method Is 
clearly superior, the advantages of each are listed. First, for Lew's 
method: 

1. Separation may be approached more easily. 
2. Larger values of n, and smaller values of A^, may be used. 
3. The computer program is simpler. 

The advantages of the Runge-Kutta scheme are: 

1. Less computer time is required. 
2. Greater accuracy is obtainable. 

Other programmers have successfully used predictor-corrector methods and 
the method of quasi-linearization, in conjunction with A. M. 0. Smith's 
method. 

About one-half the storage required by the program (100 to 200 thousand 
bytes) is occupied by a matrix with four subscripts, ym j i    jL,  that 
contains all the stream functions and their derivatives. The subscript j 
denotes the variable.  In the hover case, for example, j ■ 1 denotes FQ, 
2 denotes GQ, 3 denotes F2k'  and s0 on' T*ie nuin^er 0^ primes is given by 
m - 1. Thus, m = 1 denotes FQ, 2 denotes F^# and  3 denotes Fg. The value 
of n is n£, and the value of £ is Cj^-i+i where 5^ is the current value of 

^. When a solution at K^  is sought, values at Ch-l» 5h-2' an(ä ^h-3 are 

needed to find the derivatives with respect to £. Thus y2 2 6 3 denotes 
GQ evaluated at ng and ^^-2* Much computer time was saved by evaluating 
the C derivatives only once at each £ station and storing the result in 
a matrix Ain,j,l< When the value of £ is incremented, the Y and A matrices 
must be revised. 

Whatever method is used to solve the equations in £ and n, the solution 
will be limited in accuracy by the truncation of the asymptotic series 
in span. Like any asymptotic series, the convergence of the series cannot 
be determined mathematically. It does appear that for values of span 
greater than 12 or 15 times the chord of the blade an adequate approxi- 
mation is provided by the first term of the series, FQ. The spanwise 
series is taken to terms of the order 1 / J;

2
, which has a coefficient F2. 

In the hover case, F^ is zero and F^ is smaller than F^. These terms may 
approximate the solution for values of span as small as 1 or 2. In the 
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foxward flight case, the magnitude of F\  and Fi depends on the magnitude 
of the inflow  v and the forward flight speed B„.    Helicopters may have 
speeds to give values of sH of 3 to 5, and the inflow may be in the 
range 0.05 to 0.2. The accuracy of the series is in doubt for values of 
span less than 5 to 10 and near the region of reverse flow where sH sin ij» 
+ y < 1. 

The spanwise series has been taken to terms of order 1 / c*  Over most 
of the airfoil, the spanwise velocity is of the order of 1 / c times the 
chordwise velocity. The primary interest in this investigation lies in 
the chordwise, not the spanwise, flow. Determination of the spanwise 
flow is primarily for evaluating its effect on the chordwise flow. Since 
terms of order 1 / c2 in the spanwise flow affect the chordwise flow only 
to order 1 / ;-*, the truncation of the spanwise series at 1 / ^ is 
consistent with truncation of the chordwise series at 1 / c2. 
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RESULTS 

HOVER CASE 

The computer program in APPENDIX II was run for four renditions,  and a 
fifth condition,   for zero angle of attack, was taken from a special 
computer program.11    All conditions were for a symmetrical Joukowski 
airfoil with a thickness of 11.9% and for the axis of rotation at the 
quarter chord (XQ ■ 0.25) .    For each condition  the geometric angle of 
attack a^ and the downflow constant u^ must be chosen.    These have not 
been selected arbitrarily, but have been chosen to be representative of 
conditions found in two specific helicopters.    Values of thrust of 6000 
Ibf,  8000 Ibf,  and 10,000 Ibf were given for a helicopter with a 24-foot 
radius rotor.    For a 40-foot radius rotor,  values of geometric angle of 
attack of zero and 6 degrees were given.    The relationship of the inflow 
constant,  geometric angle of attack,  and thrust is described in APPENDIX 
I. 

It has been found that the solution depends strongly on the aerodynamic 
angle of attack, which was found to be 

a   « a. a       b 0). 

For this reason,  the conditions are identified by the aerodynamic angle 
of attack,  and the corresponding values of a^ and UJ_ are understood to be 
those in Table I.     Table I also shows the position of the stagnation point 
Xj,  the value of £ at separation Cs,  and the constant in the expression 
for q, i.e., K^. 

TABLE I. SUMMARY OF CALCULATED RESULTS FOR THE HOVER CASE 

a 
a \ Wi T R XI ?s K2 \s 

(deg) (deg) (Ibf) (ft) 

0 0 0 - 40 0 .440 .784 30.0 

2.38 6.00 .0631 - 40 -.00721 .300 .450 24.2 

3.12 6.01 .0504 6000 24 -.0096 .256 .365 20.1 

4.16 7.50 .0582 8000 24 -.01323 .188 .226 13.3 

5.21 8.94 .0651 10000 24 -.01718 .123 .081 6.48 

34 



The percent of chord called "near separation" is used only in constructing 
«one of the figures.    Its position depends mainly on how close to 
separation the solution was  taken.    The third digit in the values for KB 
and K2 is probably not accurate.    No attempt was made to calculate the 
derivatives of the stream functions to more than three significant figures 
in order to conserve computer time.    The instability of the Runge-Kutta 
solution near the separation point makes these values at separation less 
reliable than those obtained by Lew's method. 

In examining the results for the hover case, it should be remembered 
that the i dimension is not a physical dimension.    The x dimension is the 
distance along the surface of the airfoil, measured from the leading edge. 
The C* dimension is the distance along the surface of the airfoil, 
measured from the stagnation point.    For a given angle of attack, x and E,* 
differ only by a constant.    However,  for one value of K the distance along 
the surface of the airfoil will vary with span.    Figure 4 shows that,  for 
a. » 3.12°, a value of C of 0.15 corresponds to values of x ranging from 
0.2266 at y = 1 to 0.1426 at y ■ 5. 
large,  the value of £ approaches £*. 

In every case,  as y becomes very 

0.4 r 

Figure 4. The C Coordinate. 

Some of the results are more readily seen by examining the stream 
functions, and other results eure made more apparent by considering the 
velocities. Both approaches will be used. A detailed examination of the 

35 



itraain function«, similar In approach to that of Young and William«,11 

will evaluate the various effect« that occur in the boundary layer for 
angle« of attack greater than zero.    Then,  for condition« applicable to 
the two helicpper« described in APPENDIX I,  the result« will be discussed 
in terms of such physically recognizable variables as velocity profiles, 
skew angles, and boundary layer thicknesses. 

The effect of the angle of attack on the chordwise flow can be seen In 
Figures 5 and 6.    The function Fg is just the result found on a two- 
dimensional airfoil.    The function F'A reflects the rotational effects in 
the chordwise flow.    These rotational effects cause a spanwise flow, which 
in turn gives rise to the function F2 in the chordwise flow.    The Increase 
in FjJ as the angle of attack decreases is reflected in the values of K2 
in Table I.    At large angles of attack, the effect of rotation on the 
chordwise flow is much less than at small angles of attack.    Experimental 
and analytical results with an NACA 0012 airfoil led Dwyer and McCroskey6 

to the same conclusion.    The reason for this dependence on angle of attack 
can be seen by examining the spanwise flow.    Positive values of spanwise 
velocity Indicate flew away from the axis of rotation.    For large values 
of n, G^ is influenced primarily by the spanwise velocity in the potential 
flow vg.    Figure 7 shows that vg is directed toward the axis of rotation, 
and, over most of the airfoil, its magnitude Increases along the chord. 
At smaller values of n, the spanwise velocity is influenced by rotational 
effects which tend to cause flow away from the axis of rotation.    This 
flow increases along the chord and is greatest near separation.    As the 
blade slows the fluid flow through shear stress in the boundary layer, the 
fluid experiences Coriolis and centrifugal accelerations.    These 
accelerations must act on the flow for some length of time,  or 
equivalently,  for some distance along the chord, before the velocity is 
affected.    A convenient measure of the rotational effects is GQ, shown in 
Figure 8.    This show.» a steady buildup of the cumulative effect of 
rotational accelerations along the chord, even though v^, which opposes 
this Increase in GQ,  also increases in magnitude along the chord over 
most of the airfoil. 

The spanwise flow affects the chordwise fl'^w through the Coriolis 
acceleration of the fluid.    This acceleration must act on the chordwise 
flow for some distance, or more precisely,  for some time, before it 
affects the velocity.    Figure 8 shows that the rate of Increase of Gg at 
the wall Increases with angle of attack, but the magnitude of GQ at the 
wall at separation depends more on the length of the boundary layer.    Hie 
spanwise flow also experiences a Coriolis acceleration.    When the spanwise 
flow is outward, this will delay separation.    The spanwise inviscid flow 
is usually more important- than the Coriolis acceleration.    The terms in 
the chordwise boundary layer equation that Involve the spanwise potential 
flow are written as -2v& cos   (o - ab)  + v^ üa(x).    Figure 7 shows that the 
magnitude of v^ depends upon the distance along the surface of the airfoil, 
and over the rear portioa of the airfoil, v^ Increases along the chord. 
Thus, the greater the length of the boundary layer, the greater the 
magnitude of vfi, resulting in a larger effect due to the Coriolis force 
terms. 
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Figure 5.    Hie Function F" on the Surface of the Blade. 
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Figure 6. The Function y. F"  on the Surface of the Blade. 
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Figure 7. the  Spanwlse Velocity in the Potential Flow. 

Figure 8. The Function G" on the Surface of the Blade. 
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The length of the boundary layer, or the time the fluid spends in the 
boundary layer,  not only allows the spanwise flow to grow but increases 
the chordwise velocity caused by accelerations in the spanwise flow. 
Since only one body shape has been considered,  a real distinction between 
time and length of the boundary layer has not been found.    However, this 
point of view seems to provide more understanding than an emphasis on 
chordwise pressure gradient. 

A more familiar view of the boundary layer is provided by examination of 
velocity profiles  calculated for specific applications.    Figures 9 through 
14 show the chordwise velocity profiles for two helicopters.    One has 
a 24-foot radius rotor;   the other has a 40-^oot radius rotor;  both are 
described in APPENDIX I.    Figures 11 through 14 show that little spanwise 
variation occurs for values of span greater than 30%.    The spanwise 
variation is not a function of the length of the blade, but the percent 
span can easily be converted back to the number of chord lengths from the 
t.xis of rotation.    Pox  the 24-foot rotor,  30% span is about 4 chord 
lengths from the axis of rotation (actually, y = 4.113).    For the 40-foot 
rotor, 30% span is 6 chord lengths.    Since such quantities as percent span, 
thrust in pounds force, percent chord, and forward flight speed in knots 
are usual and easily recognizable variables,   they will be used in 
presenting the velocity profiles, boundary layer thicknesses,  and skew 
angles.    The notation "Near Separation"   (or "NS")  denotes the values of 
XNg in Table I.    Figures 10, 11, and 14 show that chordwise velocity 
profiles near separation have a shape like Falkner-Skan profiles near 
separation.    Figure 13 show that the profile is fuller at smaller values 
of chord.    A small spanwise variation is seen at 24.4% chord, whereas none 
can be seen (in fact, none was seen on the original, computer-drawn graph) 
at 10% chord.    This is related to the increase in rotational effects along 
the chord. 

The spanwise velocity profile i, shown in Figures 15 through 20, show the 
characteristic S shape.    Hie positive values of velocity (flow away from 
the axis of rotation)  are caused by centrifugal forces in the boundary 
layer.    The Corioxis force acting on the chordwise flow causes negative 
spanwise flow.    The sum of the two effects is small and positive near the 
wall.    In comparing spanwise and chordwise profiles, the magnitude of u^ 
must be considered.    The factor üa in u^ is the velocity at the edge of 
the boundary layer on the airfoil in a two-dimensional flow where the 
impinging stream has unit velocity.    Away from the stagnation point,  ü    is 
of the order of unity.    The factor ilY thus determines the order of 
magnitude of the chordwise potential flow.    For comparisc i, the 
nondimensionalizing factor for the spanwise velocity is ftR, the value of 
fiy at the blade tip.    This arrangement is dictated by the physical 
situation:    the chordwise velocity is nearly proportional to spam and the 
spanwise velocity is nearly independent of it.    In both spanwise and 
chordwise velocity profiles, there is dependence on span through the 
variable n.    A chordwise variation is expressed implicitly in n,  and in 
addition, both v^ and v near the wall increase along the chord.    This is 
seen in Figures 18 and 19. 

39 



Figure 9. The Chordwise Velocity Profile for the 24-Foot Rotor (at 10% 
Chord and 60% Span) in Hover. 

Figure 10. The Chordwise Velocity Profile for the 24-Foot Rotor (Near 
Separation and 60% Span) in Hover. 
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I.Or 

Figure 11. The Chordwise Velocity Profile for the 24-Foot Rotor (Near 
Separation and With 8000 Ibf Thrust) in Hover. 

I.Or 

Figure 12. The Chordwise Velocity Profile for the 40-Foot Rotor (at Zero 
Degrees Blade Angle of Attack) in Hover. 
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10% CHORD 

Figure 13.    The Chordwise Velocity Profile for the 40-Foot Rotor  (at 
6 Degrees Blade Angle of Attack)   in Hover. 

I.Or 

Figure 14.    The Chordwise Velocity Profile for the 40-Foot Rotor  (at 
6 Degrees Blade Angle of Attack and 24.4% Chord)  in Hover. 
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Figure 15. The Spanwise Velocity Profile for the 24-Foot Rotor (at 10% 
Chord and  60% Span) in Hover. 
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Figure 16. The Spanwise Velocity Profile for the 24-Foot Rotor (at 60% 
Span and Near Separation) in Hover. 
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Figure 17.    The Spanwise Velocity Profile for the 24-Foot Rotor  (Near 
Separation and With 8000 Ibf Thrust)  in Hover. 
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Figure 18.     The Spanwise Velocity Profile for the 40-Foot Rotor   (at Zero 
Degrees Blade Angle of Attack)   in Hover. 

24.4% CHORD 

> 

-.01l- 30% SPAN 

Figure 19.     The Spanwise Velocity Profile for the 40-Foot Rotor  (at 
6 Degrees Blade Angle of Attack)   in Hover. 

.Olr 
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Figure 20. The Spanwise Velocity Profile for the 40-Foot Rotor (at 24.4% 
Chord and 6 Degrees Blade Angle of Attack) in Hover. 
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Figure 15 shows that an increase in thrust (a higher angle of attack) 
gives larger wall shear stress but smaller potential flow. Plotting 
velocity profiles as a function of n conceals some dependence on chord 
and span.  The boundary layer displacement thicknesses 6X (in the chordwise 
direction) and_6y (in the spanwise direction) are nondimersionalized by 
a constant /fl/v.  The equation for 6 , for example, is v 

n 
max 

6y - /(x - V / ^ tnmax - /    (v / v6) dn] (78) 

0 

The term in brackets is very nearly independent of span,16 but, through 
Uj, the displacement thickness has the variation shewn in Figures 21 
through 28. The graphs begin at the leading edge of the airfoil (x ■ 0) 
in order to avoid the stagnation point. A true stagnation point occurs 
only in the chordwise potential flow. At the point where u^ = 0, 
rotational effects cause flow in the boundary layer.  This was discussed 
in the arguments leading to Equation (38) . Away from the stagnation 
point, the displacement thicknesses increase smoothly with chord.  In some 
cases an  upturn near separation can be detected.  This is because the 
boundary layer thickness at separation becomes very large (in fact, the 
flow is not adequately described by a boundary layer there) . The spanwise 
displacement thickness is larger than the chordwise, but the shape of the 
curves is similar.  The spanwise graphs show a larger increase of thickness 
along the chord.  In both cases the rate of increase along the chord 
increases with thrust (or angle of attack), but because of the greater 
length of the boundary layer, the final thickness is greater for smaller 
angles of attack (or lower thrust). The S shape of the spanwise velocity 
profiles can intuitively be seen to cause a greater displacement thickness 
than a chordwise profile, which has no reverse flow. 

The chordwise momentum thicknesses (Figures 29 and 30) show much the same 
effects as the displacement thicknesses. The spanwise momentum thickness 
will decrease along the span and even become negative.  Because of the S 
shape of the spanwise profile, the physical meaningfulness of the momentum 
thickness is lost. 

To allow meaningful comparison between the two different rotors and to 
allow the implications of Equation (25) to be seen, the separation line in 
Figures 31 and 32 is plotted as a function of y (y is spanwise position/ 
chord). The position of the separation line xs is the distance along the 
surface measured from the leading edge of the airfoil. This separation 
line has the same criterion as in two-dimensional flow, but separation 
occurs in a different way. The description of separation that best fits 
the present case was given by Maskell1' and is shewn in Figure 33. The 
separation line is an asymptote of all the limiting streamlines (the 
streamlines on the surface of the blade). 
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Figure 21.     The Chordwise Displacement Thickness for the 24-Foot Rotor 
(at 6000 Ibf Thrust)   in Hover, 
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0.100 

Figure 22.     The Chordwise Displacement Thickness for the 24-Foot Rotor 
(at 10,000 Ibf Thrust)   in Hover. 
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Figure 23. The Chordwise Displacement Thickness for the 40-Foot Rotor 
(at Zero Degrees Blade Angle of Attack) in Hover. 
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Figure 24. The Chordwise Displacement Thickness for the 40-Foot Rotor 
(at 6 Degrees Blade Angle of Attack) in Hover. 
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Figure 25. The Spanwise Displacement Thickness for the 24-Foot Rotor 
(for 6000 Ibf Thmst) in Hover. 
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Figure 26. The Spanwise Displacement Thickness for the 24-Foot Rotor 
(for 10,000 Ibf Thrust) in Hover. 
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Figure 27.    The Spanwlee Dlapl&cenent Thickness for the 40-Foot Rotor 
(at Zero Degrees Blade Angle of Attack)   in Hover. 
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Figure 28.    The Spanwlse Displacement Thickness for the '0-Foot Rotor 
(at 6 Degrees Blade Angle of Attack)   in Hover. 
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Figure 29. The Chcrdwise Momentum Thickness for the 24-Foot Rotor 
(at 60% Span) in Hover. 

0.05- 

Figure 30. The Chordwise Momentum Thickness for the 40-Foot Rotor 
(at 60% Span) in Hover. 
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Figure 31. The Separation Line for the 24-Foot Rotor in Hover. 
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Figure 32.    The Separation Line for the 40-Foot Rotor in Hover. 
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Because the streamline that lies on the separation line cannot carry an 
infinite amount of fluid (it is the asymptote for an infinite nuinber of 
limiting streamlines), the limiting streamlines must leave the surface of 
the blade; i,e.,  separation must occur. The skew angles (Figures 34 
through 37) show how the streamline turn outward to approach the 
separation line. At smaller angles of attack the turn is more gradual, 
but in all cases an extension to separation ,.ould show the same type of 
approach to the separation line. The spanwise dependence can be better 
understood from the equation for skew angle: 

v   q 
tan ß = lim - - -^-rz 

^r.  u  u-f 
(79) 

n=o 

The y dependr-nce in uj is the primary, but not the only, source of y 
derendence  A skew angle of 90° indicates outward flow parallel to the 
span.  If the skew angle is zero, there is no spanwise flow at the 
surface. 

The rotational effects are not large in the hover case, but much under- 
standing of their effect can be gained. When forward flight is added to 
the problem, the complexity of the flow field obscures many of the basic 
phenomena. 

FORWARD FLIGHT CASE 

The results for the forward flight case are summarized in Table II.  The 
aerodynamic angle of attack varies with span and time, so it may not be 
used to identify the conditions as in the hover case. If a graph is 
drawn with application to a specific helicopter, then the length of the 
rotor in feet R and either thrust in pounds force T or the geometric 
angle of attack in degrees a^ will be given.  All results are understood 
to be for an  11.9%-thick symmetrical Joukowski airfoil with the axis of 
rotation at the quarter-chord point.  The values for 58 and Knj are more 
accurate than those in the hover case.  This is due to the superior 
stability of Lew's method, which allows a closer approach to separation. 

The results will be presented in parts.  First, each factor that 
influences the separation line will be analyzed. A series of special 
cases will be used to investigate the various effects. The values of 
inflow and forward flight speed will be chosen for illustration and do 
not necessarily reflect realistic values.  The second method of 
presentation of the results uses values of inflow, thrust, and forward 
flight speed for the two helicopters described in APPENDIX I.  Plots of 
velocity profiles and the separation lines are presented in terms of 
parameters related to helicopters. 
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Figure 33. The Streamlines at Separation in the Hover Case. 
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Figure 34. The Surface Skew Angle for the 24-Foot Rotor (at 
8000 Ibf Thrust) in Hover. 
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Figure 35. The Surface Skew Angle for the 24-Foot Rotor (at 
10,000 Ibf Thrust) in Hover. 
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Figure 36. The Surface Skew Angle for the 40-Foot Rotor (at 
Zero Degrees Blade Angle of Attack) in Hover. 
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Figur« 37. The Surface Skew Angle for the 40-Foot Rotor (at 
6 Degrees Blade Angle of Attack) In Hover. 
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Special Case of Zero Inflow and Forward Flight Speed 

The solution for  forward flight is particularly well suited to  the 
evaluation of the effects of inflow and forward flight because both va 
and sy appear explicitly in the equations.     For example,  if both sH and 
v    are set equal to zero,   the separation  line becomes a 

xs =  X0 ^s /   (1 - K20r / y2) (80) 

However, this is not a physically realistic situation. In calculating 
the potential flow for the rotor blade under consideration, circulation 
sufficient to satisfy the Kutta condition was included. Yet by setting 
va equal to zero, the net. sum of the inflow of all tne blades in the 
rotor disk was made equal to zero. This situation is interesting, 
however, because of its simiiarity to the hover case. In the two cases, 
the equations for the separation line and FQ have the same form. Also, 
F20 xn the hover case is governed by the same equation as that for F2QC 

in the forward flight case. The two cases are not identical, however, 
because the spanwise flow due to G' is different. 

In the forward flight case, the nonhomogeneous terms in Equation (62) for 
G^o arise from both the pressure gradient terms and the Coriolis term. 
The term ^UQ  comes from the product of u^ and the x derivative of fy^  (v^ 
depends on <ba and  X). The term -CFQCQ comes from both the Coriolis 
acceleration 2 (u - U5) cos (o - a^)  and the product of u^ and the x 
derivative of X. In the hover case an additional term, arising from 
UjSvg / 3x, that depends on the inflow, appears. For the forward flight 
case, neither inflow nor forward flight speed appear explicitly in the 
reduced equations of motion. The nonhomogeneous terms in Equation (70) 
for F2or (or F20 in Ö16 hover case) depend on the spanwise flow. The 
term PQ eg (VQ - G^Q) comes from the Coriolis acceleration of the spanwise 
flow due to rotation. The convective term v9u / 9y contributes the term 
€F£)G([), and the part of w due to GQQ gives rise to ^F"GQQ / 2 through 
w9u / 9z. The term Cvg comes from v^u^ / 3y. 

For both va and s^ equal to zero, the aerodynamic angle of attack and the 
geometric angle of attack are identical and constant. Although the form 
of the separation line in this situation is the same as in the hover case, 
the values of K2 and K2or will not agree for the same geometric angle of 
attack because the inflow in the hover case will influence both the 
aerodynamic angle of attack (making it differ from the geometric) and the 
spanwise flew (through the part of u^äv^ / 3x that arises from the 
inflow). However, if the values of Kj are compared on the basis of 
aerodynamic angle of attack, it appears that separation is influenced more 
by the aerodynamic angle of attack than by the dependence of the inflow 
on the span. 
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Special Case of Zero Inflow 

The present solution is  formally valid for va = 0,   even if sH is not zero. 
This situation is as physically unrealistic as the previous one for bl^de 
angles of attack that give rise to lift.    The zero blade angle of attach 
case v/as investigated by Young and Williams.11    The present investigation 
is  in agreement except for the value of 5S.     Improvements  in the computer 
program that allowed separation to be approached more closely,  and 
improvements in the extrapolation  technique,  give better values for ? 
and the constants for the separation line.    The separation line for va = 0 
is given by 

Xs ^ X0 +  ?s /   (1 - K20r / y2 - K21 Tl / y2) (81, 

In the present situation,   the same effects operate  to give  the time 
dependence of the separation  line  as in Young and Williams11,  but a^ 
may be other than zero. 

The spanwise flow contains an additional contribution,  Gi,,  due to the 
yaw angle of the blade.     This is  the time dependent part of the spanwise 
flow,  and. it causes a Coriolis force which affects  the chordwise flow. 
The nonhomogeneous terms  in the equation for F21c   (Eclua',-i-on  (72)}  come 
from the Coriolis acceleration of the spanwise flow due to yaw (-PQCQ 
+ PoCoG(5(i);   from the time dependent part of v in v3u / 9y   (-^PQG^) ; 
from the time derivatives of the chordwise flow found in the terms 9u / 3t 
and 3uj / 9t  (-CF^ and £);   from the time dependent part of the spanwise 
potential flow in v^  Su^ / 9y  (C);  and from the dependence of n on time 
in  9u / 9t  (-CnFg / 2).     Figure 38 shows that,   as  the angle of attack 
becomes  larger than 2°,   the magnitude of the oscillations of the 
separation line with azimuthal angle decreases.    This is in agreement 
with a two-dimensional,   time-dependent solution of Dwyer and McCrcskey6 

on an NACA 0012 airfoil at 8°  angle of attack which showed no time 
dependence of the separation line.    The combined effects of rotation 
and forward flight, without inflow,  seem tc decrease in magnitude,  but 
remain unchanged in character,  as  the angle of attack is increased. 

The maxim am displacement of the separation line occurs at 4> = 0.    This 
is  a 90° phase advance  from the maximum of the velocity at the edge of 
the boundary layer, which occurs at i|) = 90°.    The time dependence of 
the chordwise velocity resides partly in ufi and partly in f".    Since 
separation occurs at the point where f" is zero,  only the time dependence 
of the f' part appears in the equation for the separation line.    At other 
points along the chord,   the shear stress reflects the time dependence of 
both ug and f'.    The phase advance   (the angle y between the maximum of the 
shear stress at the wall and the maximum of u^}   has been calculated by 
Lighthill18 for two-dimensional oscillatory flow.     Lighthill based y on 
the steady-state displacement thickness and shear stress,   and specifically 
excluded the region near separation. 
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Pigure 38. The Separation Line in Forward Flight for No Inflow. 
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Figure 39 shovs that the trend of Lighthill's solution and the phase 
advance in the present solution are in general agreement for no inflow. 
A quantitative comparison is not justified because of the difference in 
the physical situation and the method of solution between the two cases. 
In the present solution, three-dimensional effects cause a phase shift 
in the chordwise pressure gradient, and the asymptotic series is formed 
quite differently from that of  Lighthill. 

Special Case of Zero Forward Flight Speed 

Another special case may be isolated at this point; namely, the solution 
obtained by setting sH equal to zero and retaining the inflow. This is 
basically a solution for hover but will differ from the previously 
presented hover case in that now the inflow is a constant. The constancy 
of the inflow causes the aerodynamic angle of attack to vary with span. 
The aerodynamic angle of attack is given in this case by 

a - a - tan~ v / y (82) 
a   o        a 

Relative to the chordwise flow, which increases with span, the downflow 
decreases as the span increases. This relative change is reflected in 
the potential flow both indirectly by a change in the position of the 
Stagnation point and directly by a change in the importance of the 
potential flow function üc relative to üa. Since the inflow was 
proportional to span in the previously considered hover case, these 
effects were not present. 

The transform of the x coordinate Into the £ coordinate causes the terms 
In the series for f * of higher order than F'Q to be larger over most of 
the airfoil for the hover and forward flight cases. In the forward flight 
case, however, the function Fj^ will be large even if the problem had been 
solved in the x, y, z coordinate system. The plot of F'-^Q in Figure 40 
demonstrates the behavior of the function. The large negative values 
behind the leading edge grow rapidly with angle of attack; for an ab of 
4.465, FJo " -29.0 at C * .022. At the large values of F^g, the dominant 
effect is the change in the pressure gradient due to the change in the 
position of the stagnation point along the span. For the positive values 
of FJQ, the change in the pressure gradient due to the change in the 
inpartance of üc relative to ü becomes the largest influence on F'^Q. In 
addition to F10, the constant inflow gives rise to the function F2Q. For 
comparison to FJ0, a plot of F^Q is shown in Figure 41. The large 
magnitude of F'XQ  is partly due to the nonhomogeneous terms in the equation 
for F20 being dependent on F^Q. The magnitudes of Ffo  and F£Q seem large 
in comparison to FQ. The proper comparison, however, should be to 

VlO / t and v* FJ|0 / uj^. 
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Figure 41. The Function F" on the Surface of the Blade. 
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Sine« va la small (typically .1), and since Fjg and F'^Q  are of opposite 
aign where they arc largest, the infinite aeries for span may be accurate 
over the entire chord for values of span / chord as small as 3 or 4 for 
the present situation (aH - 0). The functions Fl0 and P20' through the 
conatants K  and K , affect the separation line through 

«- " ^0 + Vl0/y + V20/y2 + «s / (1 - VaKl(A " ^o/y2 " \*2(/*2) 
a 

(83) 

As shown in Table II, K^Q and K20 are of opposite sign.  Separation ia 
delayed by K^Q and advanced by KJQ» SO that their effect ia to tend to 
cancel each other. Both increase in magnitude as the angle of attack 
increases in such a way that the net effect on separation is delay (except 
for values of span so small as to cast doubt on the accuracy of the 
series). Figure 42 shows the separation line as a function of span for 
sH = 0. The situation of large inflow at near zero angle of attack ia 
not realistic, but it is included for completeness. 

The effect of the constant inflow is to delay separation, and this delay 
is Increased as span decreases. At least part of this effect is due to 
the increase in aerodynamic angle of attack as span decreases. The 
importance of the aerodynamic angle of attack may be assessed fron Figure 
43. When the forward flight speed is zero, the results for the two 
different cases agree very well when compared on the basis of aerodynamic 
angle of attack. The inflow affects the separation line almost entirely 
through a change in the aerodynamic angle of attack in the hover case 
(with inflow proportional to span) and in the forward flight case (with 
sH ■ 0), which has constant downflow. , 

General Case With Inflow and Forward Plight 

Combining the effects of inflow and forward flight introduces one function 
that has not yet been considered, P22.  It has the value 'WQ^IQ ajld arises 
from the combined action of the constant inflow and the time dependence 
due to forward flight. It is not present unless both are acting 
almcltaneously.  Its effect on the separation line ia shown in Figure 44. 
As the inflow increases, the mean (with respect to time) position rf the 
separation line is moved rearward on the airfoil. Also, the oscillationa 
about this mean separation line increase in magnitude, and tlm  maxima and 
minima occur at smaller values of axismthal angle. For no  inflow, the 
time dependence of the flow is dominated by time derivatives of the 
chordwise velocity.6»11 This effect is represented by the function F-j^., 
which has the coefficient cos ip. As the inflow increases, the function 
F  , with the coefficient sin i<,  becomes important. 
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Figur« 43. Separation Points With and Without Inflow for No Forward 
Flight. 
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This function Increases the magnitude of the oscillations and causes 
the phase shift in the separation line. The forward flight speed and 
the inflow cause a change with time of the aerodynamic angle of attack 
which is given by 

-1 
aa - ab - tan" (va / (y + T2)) (84) 

I 

The aerodynamic angle of attack is a minimum at i|; = 270°. This is a 
result of the simplifying assumptions imposed to obtain a tractable 
solution. For an actual helicopter, the blade angle of attack is maximum 
at t|) ^ 270° du? to cyclic pitch. As the inflow increases, the maximum of 
the separation line moves away from 360° toward 270°. For zero forward 
flight speed, the inflow did not significantly affect the relationship 
between separation and aerodynamic angle of attack. From Figure 45, it 
can be seen that this is not true in forward flight. Going from \\) " 0 
to <|( * 360° is equivalent to traversing the closed curves in a clockwise 
direction. For no inflow, the aerodynamic angle of attack is constant, 
and the separation point is represented by a straight vertical line. This 
time-dependent behavior of the separation line could not be found except 
by considering rotation. Inflow, and forward flight simultaneously. It 
must be ascribed to an  interaction of all three. 

General Case of Two Specific Helicopters 

The values of inflow, thrust, and angle of attack nave been calculated 
in APPENDIX I for two specific helicopters. There are, of course, other 
effects that are not Included in the present analysis. Only special forms 
of time dependence, those due to forward flight, can be handled. The 
aerodynamic angle of attack has been calculated without taking into 
account blade twist or flapping. Due to these factors and others 
discussed in the theory, the results may not be applied directly to a 
helicopter rotor. For example, results are shown at various values of 
span. At 60% span, the assumption of no end effects is defensible. At 
95% span, the results still properly represent the effects which the 
present work is investigating, but the end effects, which this theory 
cannot calculate, will have to be accounted for in some other way. 

The chordwise velocity profiles are shown in Figures 46 through 55. The 
general shape is that of Falkner-Skan profiles. Figures 50 and 51 show 
that the effect of forward flight speed is small at \l> • 90°. Graphs of 
the separation line will show the effects of forward flight speed more 
clearly. The dependence of the chordwise velocity profiles on azimuthal 
angle shown in Figures 52 and 53 will grow larger if the span is decreased 
or the separation point is approached. At 45° and 135°, similar values 
are found for the aerodynamic angle of attack. The aerodynamic angle of 
attack at 225° is about the same as at 315°. 
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Figure 45.    The Separation Line as a Function of Aerodynamic Angle 
of Attack in Forward Flight With Lift. 
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Figure 46. The Chordwise Velocity Profile for the 24-Foot Rotor (at 
8000 Ubf and 10% Chord). 

Figure 47. The Chordwise Velocity Profile lor the 40-Poot Rotor (at 
Zero Degrees Blade Angle of Attack and 10% Chord). 
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Figure 48.    The Chordwise Velocity Profile for the 24-Foot Rotor (at 
8000 Ibf and 12% Chord). 
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Figure 4i.    The Chordwise Velocity Profile for the 4L'Foot Rotor (at 
Zero Degrees Blade Angle of Attack and 30% Chord). 
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Figure 50. The Chordwise Velocity Profile for the 24-Foot Rotor (at 
8000 Ibf, 60% Span, and 10% Chord). 
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Figure 51.    The Chordwise Velocity Profile for the 40-Foot Rotor  (at Zero 
Degrees Blade Angle of Attack, 60% Span, and 30% Chord). 
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Figur« 52. The Chordwiae Velocity Profile for the 24-Foot Rotor (at 
8000 Ibf and 10% Chord) in Forward Flight. 

Figure 53.  ItM Chordwiae Velocity Profile for the 40-:*Out Rotor (at Zero 
Degreee Blade Angle of Attack and 30% Chord) in Forward Plight. 
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Figure 54. The Chordwise Velocity Profile for the 24-Foot Rotor (at 
10% Chord and 60% Span) in Forward Flight. 
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Figure 55.    nie Chordvise Velocity Profile for the 40-Foot Rotor (at 
10% Chord and 60% Span)   in Forward Flight. 
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The pattern of the aerodynamic angle of attack with axlmuthal angle 
Is reversed fron normal helicopter operation (since flapping Is not 
Included) i but the implication that time derivatives and spanwlse flow 
are not dominant over angle of attack will apply. Figures 54 and 55 
Indicate that fuller profiles occur at smaller angles of attack for a 
given spanwlse and chordwlse position. 

Fro« Figures 56 through 64, the characteristics of the spanwlse velocity 
profiles can be seen. Figures 56 through 59 show that the spanwlse 
variation Is greater at 270* than at 90*. Figure 57 does not have the 
characteristic S shape because the centrifugal forces have not yet caused 
positive values near the wall. The points i|/ - 90* and ij» - 270* are not 
typical points; the spanwlse flow due to yaw Is zero there. Figures 60 
and 61 show clearly that the flow due to forward flight dominates the flow 
due to rotational effect«.  At 45* and 315* there Is outward spanwlse 
flow, and at 135* and 225* there is inward spanwlse flow. This flow Is 
so much larger than the Induced flow due to rotation that a lazier scale 
Is required. Near the wall, however, an aeysmwtry between the upper and 
lower curves can be detected. This Is due to rotational effects; or more 
precisely, It Is not due to the yaw angle. There Is some dependence on 
forward flight at 90* or 270* due to the time derivative of spenwlse 
velocity and due to the combination of Inflow and forward flight (frosi 
Equations (67) and (68)). Figures 62 and 63 show that at 90*, these 
effects are small. 

The dependence of the chordwlse displacement thickness on aslmuthal angle, 
shown In Figure 65, Is much larger than that seen In the velocity profiles 
(Figures 52 and 53). In the velocity profiles, this time dependence 
(or dependence on aslmuthal angle) Is contained in the variable n, and 
so cannot be seen on the graph. In Figure 65, this time dependence is 
displayed. The large difference between the 225*, 315« pair and the 45*, 
135* pair occurs because of the appearance of o^ in the Falkner-Skan 
transform from s to n. A similar effect occur» in Figure 66i the forward 
flight speed also appears in u^. This dependence on forward flight speed 
will become more laportant at smaller values of span. 

In examining the graphs of the separation line, the ehape of the curves 
la Figures 67 and 68 should be understood. For no inflow (o^ ■ .005*), 
there is a minimum in the separation line at 180* aslmuthal angle and a 
maximus at 360* (or 0*). The separation line with inflow, shown la 
Figure 68, has a minimum near 90* and a maaimum near 270*. The time 
derivatives of chordwlse flow tend to cause a maxisrjm at 360*. The 
Inflow makes the aerodynamic angle of attack smallest at 270* (since 
flapping and cyclic pitch are not considered) and tends to cause a mavlmum 
in the separation line at 270*. The resultant mazirnnsi lias between 270* 
and 360* aslmuthal angle. If the y (spanwlse) dependence is examined near 
a minimum, the separation line will move forward on the blade as y 
decreases. Near the maximum, the opposite is true.  However, the mean or 
time-averaged separation line will move backward as y decreases. 
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Figur« 56.  Th« Spanwise Velocity Profil« for the 24-Foot Rotor (at 
8000 Ibf and 12% Chord) in Forward Plight. 
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Figur«  57. 
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Th« Spanwie« Velocity Profil« for the  40-Foot Rotor   (at 
Soro Degree« Blad« Ijaqlm of Attack and 10% Chord)   in 
Forward Flight. 

100 KNOTS 
fmZ70* 

Figur« 58. ^h« Spanwlae Velocity Profil« for th« 24-Foot Rotor (at 
8000 Ibf and 10% Chord) in Forward Plight. 
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Figure 59.    TtM Spamrise Velocity Profil« for the 40-Foot Rotor  (at 
zero DagrM« Blada Angla of Attack and 30% Chord)  in 
Forward Plight. 
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Figure 60.    Tho Spanwiaa Velocity Profil« for the 24-Foot Rotor  (at 
8000 Ibf and 10% Chord)   in Pozward Plight. 
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Figur« 61. Th« Spanwise Velocity Prof lit for th« 40-Foot Rotor («t Zero 
Degree» Blade Angle of Attack and 30% Chord) in Forward 
Flight. 
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Figure 62.    The Spanwiae Velocity Profile for the 24-Foot Rotor (at 
8000 Ihf,  60% Span,  and 10% Chord)   in Forward Plight. 
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Tt\m Spanwi»e Velocity ProflU for the 40-Foot  Jtotor   («t Zero 
D»9reee Blade Angle of Attack, 60% Span,  and 30% Chord)   In 
Forward Plight. 
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The Spanwiae Velocity Profil« for the 40-Foot Motor   («t 10% 
Chord and 60% Span)  la Forward Plight. 
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Figur« 65.     Th« Chordwi»«  Di«pl»OMant Thickn«««   for the 40-Foot Rotor 
(at tmxo Dmqx—m BUda Angle of Attack and 60% Span)  la 
forward Flight. 
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Figure 66.    The Chordwlee  Diepleceaeiit Thicknaaa  for the 40-Foot Rotor 
(at Zero Degree« Blade Angle of Attack)   in Forward Flight. 
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Figur« 67. The Separation Line for the 40-Foot Rotor at Zero Degrees 
Blade Angle of Attack and 100 Knots Forward Flight Speed. 
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Figure 68.    The Separation Line for the 40-Foot Rotor at 4 Degrees Blade 
Angle of Attack and 100 Knots Forward Flight Speed. 



Figure 69 shows this effect more explicitly when there is no inflow.  For 
no inflow, the uurve has symmetry about the line ty  • 180°, so the mean 
curve coincides with the line marked ij/ ■ 90°, 270°. With inflow, tho 
curves are no longer symmetric. Figures 70 and 71 show that the delay in 
separation at 270° is greater than the advance at 90°. Figures 72 and 73 
emphasize the difference the inflow makes.  For no inflow (Figure 72) . 
the dependence on forward flight is eliminated at ^ = 90°. With inflow 
the separation line actually advances with increased forward flight speed, 
as shown in Figure 73. This is misleading; Figure 74 gives a better 
understanding of the situation. The separation line will be advanced or 
delayed according to the azimuthal angle chosen. The effect of forward 
flight speed, span, and azimuthal angle should not be examined without 
consideration of Equation (75). 

In Figure 75, the thrust dependence appears to contradict a previous 
result: the increase of angle of attack reduces the time dependent 
effects. However, the Increase of inflow tends to increase time 
dependence, so there is no contradiction. The increase in thrust causes 
an increase in both angle of attack and inflow, and the inflow increase 
is the more important. A batter view of the mean separation line, and 
its relation to separation on an airfoil in two-dimensional flew, can be 
found in Figures 76 and 77. The aerodynamic angle of attack variation 
decreases with span because only the change due to the time dependence 
of the chordwise conponent of forward flight is considered. When the 
angle of attack decreases, the separation line retreats toward the 
trailing edge with very nearly a linear dependence on angle of attack. 
As the angle of attack begins to increase, the response of the separation 
Una lags. The separation line nay even retreat for a time. As the 
angle of attack increases further, the separation line moves forward more 
rapidly than it moves back. It moves forward past the two-dimensional 
separation line but stops its advance as soon as the angle of attack 
ceases to increase. 
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Figure 69. Hi« Separation Lin« for the 40-Foot Rotor at Zero Degrees 
Blade Angle of Attack In Fonrard Flight. 
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Figure 70. The Separation Line for the 24-Foot Rotor at 100 Knot« and 
90s Azlnuthal Angle. 
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Figur« 71. The Separation Lin« for the 24-Foot Rotor at 100 Knots and 
270* Aziauthal Angle. 
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Th« Separation Lin« for the 40-Foot Rotor at Zero Degrees 
Blade Angle of Attack and 90* Azimuthal Angle. 
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Figure 73.    The Separation Lin« for the 40-Foot Rotor at 4 Degrees 
Blade Angle of Attack. 
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Figure 74. The Separation Line for the 24-Foot Rotor at 8000 Ibf and 
8 Chord Lengths Fran the Axis of Rotation. 
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Figure 75.    The Separation Line for the 24-Foot Rotor at 100 Knots and 
8 Chord Lengths From the Axis of Rotation. 
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Figure 76. Th« Separation Line for the 24-Foot Rotor at 6 Chord Lengths 
Fro« the Axis of Rotation. 
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Figure 77. Tha Separation Lina for tha 40-Poot Rotor at 8 Chord Lengths 
From tha Axis of Rotation. 
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SUMMARY 

A solution has b««n obtained for the laminar boundary layer on a rotating 
blade that includes the effects of lift and forward flight, but does not 
include tip effects, cyclic pitch, or flapping. The results are primarily 
applicable to a rotating blade that is part of a system of rotors. The 
entire rotor disk induces an inflow velocity that is proportional to span 
in the part of the analysis called the hover case.  In the forward flight 
case, the induced velocity is a constant va and the speed of forward 
flight is 8H.  Either sH or va, or both, may be eliminated from 
consideration since they appear explicitly in the equations for velocity 
and separation. In all calculations, it is implicit that the axis of 
rotation is located at the quarter-chord point and that the blade is a 
symmetrical, 11.9-percent-thick Joukowski airfoil.  The geometric blade 
angle of attack must be known before calculations are made. In the hover 
case, the constant of proportionally between the inflow and the span 
must also be known. 

For both cases, the chordwise dimension is transformed so that in the 
transformed coordinates, the distance from the stagnation point to the 
separation point is independent of span and time.  Time is more 
conveniently thought of as the angle through Which the blade has rotated, 
the arimuthal angle i'.    In the transformed coordinates, the velocities 
are expanded in an asymptotic series in the span.  The use of transformed 
coordinates makes it possible to approach the separation point. Hie first 
term in the series for the chordwise velocity satisfies the two- 
dimfcnaional boundary layer equations at the geometric angle of attack. 
Higher terms in the asyeptotic series are given by linear equations, 
allowing the time dependence to be removed by applying the principle of 
superposition. The accuracy of the asymptotic series cannot be easily 
estimated, but the hover case seems to be accurate for y greater than 
about 2. The forward flight case, with sH - 0, depends strongly on the 
value of va. For va - .1, there, may be sufficient accuracy for values 
of span greater than 3 or 4. For forward flight, y + T2, as well as y, 
must be large. The asymptotic series is useful for relatively small 
deviations from the solution at large span. The most practicable 
criterion for accuracy is that the higher terms be small compared to the 
first term in the series.  By this criterion, the solution well fulfills 
its purpose. Since most helicopter blades have aspect ratios greater than 
10 or 12, the solution is able to assess the importance of each effect 
over most of the blade. 

Many of the effects seen in the results have been described in previous 
work. The asymptotic solutions at large span showed that the chordwise 
flow approaches the two-dimensional flow over an airfoil. At smaller 
values of span, separation is delayed by rotational effects. Rotational 
effects cause an s-shaped velocity profile in the spanwise flow. The 
potential flow generally causes flow toward the axis of rotation, but 
rotational effects which become important near the surface cause outward 
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flow.  Rotation, by itself, has little influence on the separation line 
except for the region close to the axis of rotation. 

In forward flight, the spanwise flow is much larger than in the hover 
case. The rotational effects are still present, but the spanwise flow due 
to yaw is dominant. Through the effect of changes in the yaw angle, the 
chordwise flow becomes time dependent. Although the present solution 
cannot account for flapping or feathering, it is clear that time-dependent 
effects In the forward flight case are much larger than the effects of 
rotation in the hover case. The aerodynamic angle of attack, which 
changes with time, is an important Influence on the chordwise flow, and 
the time derivative of the chordwise flow is also important.  The time 
dependence decreases as span increases, and its effect seems to diminisn 
as angle of attack increases, provided the inflow is held constant. 

The time dependence can best be assessed by examining the displacement 
thicknesses or the separation line, instead of the velocity profiles. 
Much of the spanwise dependence and time dependence of the velocity has 
been accounted for by nondimensionalizing by ug and by transforming the 
dimensional normal to the surface by a Falkner-Skan trams formation. 

The separation line oscillates due to forward flight. The maximum 
delay occurs at an azimuthal angle that seems to depend primarily on 
the aerodynamic angle of attack and secondarily on the time derivative 
of the chordwise flow. In hover, separation depends almost entirely on 
the aerodynamic angle of attack. In forward flight, even for small 
oscillations of the angle of attack, there is a lag in the response of 
the separation line to increases in the angle of attack. 

the rotor blade under consideration is part of a rotor disk which 
generates thrust. Hie values of angle of attack, thrust, and inflow 
were chosen to be representative of two specific helicopters.  As thrust 
increases, both angle of attack and Inflow increase. In hover, separation 
is closely correlated to the aerodynamic angle of attack. The form or 
magnitude of Inflow, thrust or geometric angle of attack was unimportant 
except for its influence on aerodynamic ang?e of attack. In forward 
flight, the situation is much more complex. At constant angle of attack, 
increased inflow delays separation and increases time dependence. For no 
inflow, time dependence decreases as angle of attack increases, but for 
large inflow the opposite is true.  Inflow also shifts the phase angle 
of the separation line through its influence on the aerodynamic angle of 
attack. When the dependence of the separation line on thrust is 
considered, the magnitude of the oscillations increases as thrust 
increases, and for normal values of thrust, inflow is the primary 
influence on the phase angle of the separation line. 
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CONCLUSIONS 

Aa a result of the present study, certain conclusions can be made 
regarding the effects of rotation, forward flight speed and Inflow on 
the laalnar boundary laysr development and laminar separation line on a 
rotating helicopter blade. The analysis is limited in that such effects 
as lead-lag, flapping, feathering, and reveres flow must bs excluded st 
this time dus to the mathematical complexity involved in including these 
effects. Mithin the framework of the present analysis, it is concluded 
thatt 

1. The technique of scaling the chordwise coordinate so that 
separation always occurs at the same location in the scaled 
coordinate offers an excellent method for studying three- 
dimensional time-dependent boundary layers where the separation 
line varies with spanwise location and time. 

2. The normal delay of the separation line near the axis of 
rotation due to blade rotation is obtained. This effect has 
been previously obtained by a number of investigators and is 
wsll known. As usual, the chordwise flow asymptotically 
approached the two-dimensional flow over the blade at large 
span. 

3. In the hover case, two solutions have been obtained: the 
normal hover case with a linear variation of inflow, and 
in the forward flight solution, the limiting case of sero 
forward flight speed in which the inflow is constant. In 
each case the delay in separation due to rotation is still 
present, but the main effect of the inflow is to change the 
aerodynamic angle of attack. Compared at the same span and 
aerodynamic angle of attack, neither the form of the inflow 
(constant or variable along the span) nor its magnitude has 
a significant effect on the separation point. Aa in two- 
dimensional flow, increasing the aerodynamic angle of attack 
moves separation forward on the blade. 

The main effect of thrust level is to change the aerodynamic 
angle of attack, by altering both the geometric angle of attack 
and the inflow velocity. As the thrust levsl is increased, 
the geosntric angle of attack, the inflow velocity, and the 
aerodynamic angle of attack are all increased. In general, 
then, increasing the thrust level moves the separation line 
forward on the blade. However, increasing the thrust level 
decreases the spanwise variation of the separation line. 

4. At normal helicopter forward flight speeds, the dominant 
spanwise flow is the time-dependent flow due to the angle of 
yaw. This, together with the time-dependent chordwise flew 
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du« to changing yaw angle,  causai a tima-dapandant aaparatlon 
line o« cilia ting  about  the no-forward-flight separation  Una. 
Both the avaraga dalay in separation and the oscillations are 
diminished as  the  angle  of attack of  the blada  increases   (if 
inflow ia hald constant) . 

Tha simultaneous action of inflow and forward tlight spaad 
causes tha magnitude of tha oscillations of  the  separation lina 
to increase,   for a given geometric angle of attack.    Whan tha 
Inflow is zaro,   tha time dependence of tha separation line is 
dominated by tha time derivativ« of the chordwisa flow.    It ia 
■oat favorable to delayed separation at tha extreme downstream 
position of tha blada.    This makes tha maximum dalay in 
separation occur at </ -  360*.    Inflow causes  the aerodynamic 
angle of attack to vary with time so that it ia smallest at 
1> - 270*.    Tha ccmbination of inflow and forward flight shifts 
tha maxiraim dalay of tha separation lina into tha fourth 
quadrant. 

In the forward flight c&se,  increasing tha thrust level moves 
the separation Una forward at all v&luaa of ii and incraaaas 
the magnitude of the oscillations of tha separation lina. 

5. Increases in forward flight «peed cause the magnitude of 
oscillations of tho separation line to increase. 

6. Whan plotted as a function of angle of attack, the separation 
lina in forward flight,   for fixed span,  describes a loop  (for 
normal thrust levels).    This indicates that the oscillations 
of tha separation lina are not correlated with angle of attack 
alone, as in tha hover case.    This indicates that other 
nonstaady effects,  in addition to the time varying angle of 
attack, are important in determining the separation line. 

7. When the inflow ia zaro,   the phase advance angle   (the angle 
between the maximum of tha shear stress at tha wall and the 
maximum of the velocity at th« edge of the boundary layer) 
agrees qualitatively with th« solution of Lighthill.18 
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KECOHMKNUATIOHS 

1. Th« technique of SCAlinq the chordwi«« coord in* tp «o that ••parat i 01 
alway« occurs at th« iajar location in th« tcalad coordinate offer« 
an effective method for attacking th« more realiitic problem of 
turbulent boundary layers on rotating blade«.  It 1« recommended, 
therefore, that thia method be employed in a study of th« turbulent 
boundary layer on a rotating helicopter blade. 

2. Additional atudie« should be conductad to i«olat« and determine more 
clearly th« true nature of th« unsteady boundary layer effect« on 
th« separation line on a helicopter blade.  A first «tep would be 
to eliminate th« effects of rotation and study th« nonsteady boundary 
layer effect« alone on an airfoil blad«. 

3. Additional «fork raut be don« to include th« effect* of lead-lag, 
fsatharing, cyclic pitch, and flapping, which occur in real helicopter 
blad'i notion«, into th« analysis of th« boundary layer on rotating 
blades.  It is recommended that a continuing «ffort be made to develop 
technique« which will allow th« incorporation of these effect« into 
th« boundary layer analysis. 

94 

JJ. 



LITBRATURE CITED 

1. Harris,   F.   D.,   «nd Pniyn,   R.   R.,   BLADE STALL-HALF PACT,   HALF FICTION, 
Aaarican H«lioopt«r Society Twvnty-third National Forum Report 101, 
Washington,   D.   C.,  May  1967. 

2. Sweet,  G.  E.,  JanJclns,  J.   L.,  Jr.,  and Winston,   M.  M.,  WIND-TUNNEL 
MEASUREMENTS  ÜM  A  LIFTING  ROTOR AT HIGH THRUST CQCFFICIENTS  AND HIGH 
TIP-SPEED RATIOS,  NASA Technical Nota TN-D-2462,  National Aeronautics 
and Space Adainiatration,   Lanqley Research Center,  Hampton, Virginia, 
Septesfcer 1964. 

3. Harris, F. D., SPANMISE FLON EFFECTS ON ROTOR PERFORMANCE, CAL/ 
U8AAVLABS Syaposlusi Proceedings, Volwe III, auffalo, New York, 
June 1966. 

4. Uiva,  Jean,   and Davenport,   F.  J.#   DYNAMIC STALL OF AIRFOIL SECTIONS 
FOR HIGH-SPEED ROTORS,  Journal of the American Helicopter Society, 
Vol.   14, April 1969, pp.   26-33. 

5. Velkoff, H.  R., Blaser,  0. A., and Jones, K. H.,  BOUNDARY LAYER 
DISCONTINUITY  CM A HELICOPTER ROTOR BLADE   IN  HO«/ERING,   AIAA Paper 
69-197, American Institute of Aeronautics and Astronautics, New York, 
1969. 

6. Owyer,  H.  A.,   and McCroekoy,  W.   J,,  CRDSSILOW AND UNSTEADY BOUNDARY- 
LAYER EFFECTS  OM ROTATING BLADES,   AIAA Paper  70-50,  AIAA Eighth 
Aerospace Science« Meeting, New York, January 1970. 

7. Sears,  W.   R.,   POTENTIAL FLON AROUND A ROTATING CYLINDRICAL BLADE, 
Journal of Aeronautical Science, Vol.  17,   1950, pp.  183-184. 

8. Rott,  N.,   and Smith,  N.   C,   SOME EXAMPLES  OF LAMINAR BOUNDARY  LAYER 
FLON GN ROTATING BLADES,  Journal of the Aerospace Sciences, Vol.  23, 
1956, pp.   991-996. 

9. McCroskey, N. J,, and Yaggy, P.  F.,  LAMINAR BOUNDARY LAYERS ON 
HEU COPTER ROTORS  IN FORWARD FLIGHT,   AIAA Journal,  Vol.   6,   1968, 
pp.   1919-1926. 

10. Liu,   S.W.,   THE LAMINAR BOUNDARY  LAYER FLOW ON  ROTATING CYLINDERS, 
AF06R TN 57-298,  Armed Services Technical Information Agency, 
Arlington,  Virginia, June 1957,  AD 132369. 

11. Yourg,   W.   H.,   Jr.,   end Williams,   J.   C,   III,   THE BOUNDARY  LAYER ON 
ROTATING BLADES  IN FORWARD FLIGHT,   AIAA Paper  70-49,  AIAA Eighth 
Aerospace Sciences Mseting, New York, January 1970. 

95 



12. Sear«,   W.   R.,   and Fogarty,   L.   E.,   POTENTIAL FLOH AROUND A ROTATING 
ADVANCING CYLINDRICAL BLAD'c:,  Journal of Aeronautical Sci»nc«g, 
«ol.   17,   1950, p.   599. ' 

13. Smith,  A.  N.  0.,   and Clutter,   D.  W.,  SOLUTION OF THE  INCOMPRESSIBLE 
LAMINAR BOUNDARY-LAYER EQUATIONS,   AIAA Journal,   Vol.   1,   1963, 
pp.  2062-2071. 

14. Hildebrand,  F.  B.,   INTRODUCTION TO NUMERICAL ANALYSIS,  New York, 
McGraw-Hill Book Company,   1956, p.  236. 

15. Lew,   H.   G.,   METHOD OF ACCELERATED SUCCESSIVE REPLACEMENT APPLIED TO 
BOUNDARY LAYER EQUATIONS,   AIAA Journal,  Vol.  6,   1968,  pp.   929-931. 

16. Young,  N.   H.,   Jr.,   LAMINAR BOUNDARY LAYER ON A LIFTING ROTOR IN 
FORWARD FLIGHT, North Carolina State University, Ph.D. Dissertation, 
University Nicrofiliu, Inc., Ann Arbor, Michigan,  1970. 

17. Moore, F. K., ed., THEORY OF LAMINAR FLONS, Princeton, N. J., 
Princeton University Press,  1964, pp. 388-390. 

18. Lighthill, N. J.,  THE RESPONSE OF LAMINAR SKIN FRICTION AND HEAT 
TRANSFER TO FLUCTUATIONS IN THE STREAK VELOCITY,  Proceeding« of the 
Royal Society, Vol. A224, .954, pp. 1-23. 

19. Gessow, Alfred, and Myers, G.  C,   Tr.. AERODYNAMICS OF THE 
HELICOPTER, New York, The Macllillai. Company, 1952. 

20. Mil*, M. L., HELICOPTERS: CALOwLAVlGN AND DESIGN, NASA TT F-494, 
National Aeronautics and Si ace Adn-lnistratian, Washington, D. C, 
Septeober 1967. 

96 



JWWlMMWMWiUVUMniuiililii.iiiilii.n 

APPENDIX I 
THRUST CALCULATIONS 

In order to calculate the boundary layer development on a rotating blade, 
it is necessary first to determine the inviscid flow over the blade.    In 
practice, this inviscid flew depends on such factors as the geometry of 
the blade  (airfoil section),  the geometric angle of attack of the blade, 
the forward flight speed, and the inflow velocity due to the blade system. 
In the design of a real helicopter,  these factors are not independent and 
therefore cannot be chosen arbitrarily.    The inflow, for exauple,  depends 
upon the airfoil section, the geometric angle of attack, and the forward 
flight speed,  as well as on the number of blades in the helicopter rotor 
N^, the radius  (span)   of the blade system R,  the thrust level T,  the 
rotational a^zZ Q,  and the blade chord c.     It is not possible,  therefore, 
to assign values to each of these parameters independently.    In order to 
obtain a reasonably consistent set of parameters required to determine 
the potential flow,  calculations were made for two helicopters for which 
some of the above parameters were specified in the contractual arrangement 
for the present work.    The remaining parameters were then calculated using 
simple momentum theory and blade element theory.    The calculations 
required to obtain the above parameters are outlined herein. 

In the present work,  the potential flow calculations were made for two 
helicopters.    The first was a helicopter with a two bladed rotor of 
24-foot radius, a blade chord of 21 inches with the rotor rotational 
velocity of 295 revoluv.ions per minute,  and blade loadings corresponding 
to vehicle gross weights of 6,000,  8,000,  and 10,000 pounds-    The second 
helicopter was to have six blades of 40-foot radius and 24-inch chord. 
with a rotational velocity of 143.3 revolutions per minute and blade 
geometric angles of attack of 0 mid 4 or 6 degrees.    In each case the 
blede airfoil section was a 11.9i-thick symmetrical Joukowski airfoil and 
the blades were assumed to operate in am atmosphere of density 
C.0765 lbm/ft3 and with a speed of sound of 1117 ft/sec.    These operating 
conditions are summarized in Table III,  together with several parameters 
which characterize the airfoil aerodynamics. 

It is also necessary, in the forward flight case,  to prescribe the forward 
flight speed.    In order to compare the two helicopters on the same basis, 
the speed calculations were made for both helicopters at forward flight 
speeds of 25,  50 and 100 knots.    This corresponds to values of SR of 
0.7807,  1.5613 and 3.1226 for the 24-foot rotor and to values of 1.406, 
2.812 and 5.625 for the 40-foot rotor. 

These prescribed values are still not sufficient for the calculation of 
the potential flow over the blade section.    For'the helicopter with the 
24-foot rotor,  it will be necessary to determine the jeometric angle of 
attack and the inflow velocity;  for the helicopter with the 40-foot rotor, 
it will be necessary to determine the thrust level and the inflow 
velocity. 
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TABLE  III. CHARACTERISTICS OF TWO HELICOPTERS 

Symbol Dimensions 24-Foot Rotor 40-Foot Rotor 

R ft 24 40 

n RPM 295 143.3 

c ft 1.75 2.00 

Nb 
- 2 6 

AR 
- 13.71 20.00 

T lb 6,000 

8,000 

10,000 

0 

"b deg 
- 4 or 6 

ßc ft/sec 54.06 30.01 

0 
r 

Ni 0.04642 0.09549 

Mt 
- 0.665 0.6084 

iipn2R4 lb' 2.360 x  IQ6 4.302 x io6 

The calculations required to obtain these additional parameters were based 
on momentum theory and blade element theory. For clarity and convenience, 
the simplest form of each theory will be used and all variables will be 
written in nondimensional form. Both of these theories are available in 
texts on helicopter aerodynamics.19'20 

The starting point for each of these theories is the thrust coefficient 

defined by 

n p R2 (OR)2 
(85) 
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The simple or classical momentum theory relates an element of thrust dcT 
to the dovmflow velocity v.  in an annulus of radius y and width dy by 

d cT - - S8 (2 v^ ^- y dy (86) 

-v/ 2 x 2 
- VSu + VJ . where S - VsH + vj. The thrust coefficient is found by integration over 

the span and azimuthal angle: 

\    2. 

cT - /  /  d cT d ^ dy (87) 

0  0 

For the hover case, the forward flight speed is zero, and the inflow 
velocity is taken herein to have the form v. ■ -w.y. This yields 

cm ■ a)? (88) 
T   i 

For the forward flight case, the inflow is taken herein to be constant, 
i.e.,  v, > -■ .  Tntegration of Equation (87) for this case yields 

CT - 2V.2 + v* If (89) 

In either case, then, 'sie momentum theory yields a relation between 
thrust coefficient and inflow velocity. 

The simplest blade element theory calculates the lift from the slope of 
the two-dimensional lift curve SQ.    It is assumed that the angle of attack 
and inflow are small so that tan o^ • a^ and tan   (v^ / UQ)  a V.   / UQ.    The 
velocity relative to the bladc_in the chordwise direction consists of the 
inflow in the z direction and Dg in the plane of rotation.    Further ÜQ 
contains two components;    one due to the rotation and the other due to 
forward flight.    An element of one blade of length dy then produces an 
element of thrust of 

41 ct - 7-7 (ab 50 + öo V dy 
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whera 

a0 It the slope of the lift curve  (taken as 6.016 per radian, 
corresponding to an NACA 0012 airfoil) 

Ö0 - y + 8H sin * 

For the hover case  (s„ ■ 0, v.  ■ -u. y), 
H XI 

Ct " a0 0r (ob " "i'  / 6 

where 

O     ■  N.    C  /   TtR r       b 

The number of blades in the helicopter rotor has been incorporated into 
the solidity of the rotor o   .    For th« forward flight case  (v. ■ -v ), 

ct - ao ör ^r+ r y ' ix:^ 

The blade element theory relates the thrust coefficient to tne geometric 
angle of attack and the inflow. When the results of blade element theory 
are combined with the results of momentum theory, one has two relations 
between the thrust coefficient, the geometric angle of attack and the 
inflow. If any one of these is given, the other two eure then uniquely 
determined. 

The aerodynamic angle of attack is also necessary in the calculation of 
the potential flow. Once the geometric angle of attack is known, the 
aerodynamic angle of attack is easily computed from the simple geometric 
relationship 

vi 
o ■ a. - arc tan — 
a   D        " 

üo 

These relations have been utilized to obtain the additional information 
necessary for the potential flow calculations in the present analysis. 
In the case of the 24-foot rotor system, they are used to obtain the blade 
geometric angle, the inflow constant, and the aerodynamic angle of 
attack. In the case of the 40-foot blade system, they are used to obtain 
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the Inflow, the aerodynamic angle of attack, and the thrust.    The 
thrust level for the 40-foot rotor syaem is not used directly in the 
calculations but is obtained as a matter of interest.    The results of 
these calculations are presented in Table IV for the hover case and in 
Table V for the forward flight case.    In Table IV,  the aerodynamic angle 
of attack corresponds to the preeented values of geometric angle of attack 
Ojj and inflow constant w^.    In the case of forward flight,   the aerodynamic 
angle of attack varies with azimuthal angle and therefore is not presented. 

TABLE IV.  THRUST CALCULATIONS IN HOVER 

Rotor Span 
(ft) 

Aerodynamic 
Angle of Attack 

(deg) 
Thrust 
(lbf) 

Geometric 
Angle of Attack 

(deg) 

Ihflow 
Constant 

24 3.12 6,000 6.01 0.0504 

24 4.16 8,000 7.50 0.0582 

24 5.21 10,000 8.94 0.0651 

40 0 0 0 0 

40 2.38 17,140 6.00 0.0631 

TABLE V.     THRUST CALCULATIONS FOR A FORWARD PLIGHT SPEED OF  100 KNOTS 

Rotor Span 
(ft) 

Thrust 
(lbf) 

Geometric 
Angle of Attack 

(deg) 

inflow 
Constant 

24 

24 

24 

40 

40 

6,000 

8,000 

10,000 

0 

25,600 

3.349 

4.465 

5.581 

0 

4.000 

0.0765 

0,1020 

0.1274 

0 

0.2117 
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The information given in Tables IV and V, together with that given in 
Table III, is sufficient to make the calculations of the inviscid flow 
over the blade. 
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APPENDIX II 
COMPUTER PROGRAMS 

Separate computer programs were used for the hover case and the forward 
flight case.    In "Method of Solution/' the more important features of 
these programs were discussed.    The programs themselves have been well 
annotated by comment cards,  and a brief list of the correspondence between 
the variable names used in the report and the FORTRAN named is presented 
in Table VI.    The listing of the programs follows.    The subroutine RKl is 
omitted from the forward flight program because it is shown in the hover 
program. 

TABLE VI. FORTRAN NOMENCLATURE 

Name Used in the Report FORTRAN Name 

'5- G5' e0V etc. DVDZ 

Fi' si' ail' etc. VEL 

•xo XM10 

X X 

Ax DX 

C XI 

A5 DXI 

% (degrees) ALPHB 

% 
(radians) AB 

£ EPS 

6 DELTA, DEP, DET 

äi 
DEI 

0 T 

0l SI 

n Z 

in DZ 
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M FORTRAN •»NÜGRÄn  FüK • RCTATINGt HOVERIriG. SYMMETRIC AIRFOIL WITH 
LIFT t INFLGM-TR*SP«N 

PBOCRAK SIZE: 97880 BYTES IN FORTRAN IV-G,LEVEL I,MODS,RELEASE15 
LESS THAN 100 PAGES ARE PRINTED 
RUN TIME «CPU» IN NINUTES>5+.4*(KRAX-34) WHERE KRAX IS THE VALUE 
CF R AT THE LAST STATION AND MACHINE IS IBM 360/15 AT TUCC 
IPPLICIT REAL*8 (A-R.O-Z) 
CCRNON/8IJ/EPStS6N,BI«B2,B3.B4«BStB6tB7,B8*B9,B10 

C    THIS DIMENSION STMT ASSURES K<46,IBLUP<61,M<4,J<6fL<73«I<5tITER<10 
DIMENSION Xt45)«0X(4S)fXI(4S)tDXIU5)fBP(20l,NBLUPt60»tV(3v5|» 

1 DD(3v5}ty|3«St72,4)tST(6)«U(3t5)tERR(9)f0VZ(9,«ltITCRKP(S|« 
2 HIS(9l(VINF(5)«Z(72)f0Z(72),A«3fS,72l,S(4)  .THTIS),XD2l9t 
DIMENSION PCCl50)»UTIL(5C)tVDEL(90),TK(61vE(4),UP(T9ltVP(791. 

D ILIM|4t4) 
EXTERNAL CSOX 

C     ACCURACY IS CONTROLLED BY THE VALUES OF ERRRAX.ZMAX .0X1 (Kl • JSt 
C    CZILI.IMAX 
C     ERRMAX SEEMS TO HAVE LITTLE EFFECT ON ACCURACY,BUT IF IT IS TOO 
C    SMALL THE VALUE CF THE 2NC DERIVATIVE OF THE STREAM FUNCTION KRT 
C     ETA IDVCZ) CANNOT HE FOUND TO SUFFICIENT ACCLRACY AT THE MALL TC 
C    CONVERGE THE EQUATION. 
C    ZMAX MUST BE LARGE ENOUGH SO THAT DVDZ IS LESS THAN ABOUT .001 
C    AT ZMAX; IF IT IS LARGER'THAN NECESSARY SPEED AND CONVERGENCE 
C     WILL SUFFER. THE LARGER ZMAX IS, THE MORE AN ERROR IN DVDZ AT THE 
C     WALL WILL AFFECT THE ERROR IN VELOCITY AT ZMAX, ESPECIALLY KEAR 
C     SEPARATION. 
C    THE EFFECT OF DXIIK) IS  DESCRIBED AT LENGTH IN THE AIAA JOURNAL, 
C     VOL. It   P.2062, 1963, ANC IN PREVIOUS WORK BY A.M.O. SMITH 
C     THE ERRCB IN THE RUNGE KUTTA INTEGRATION IS PROPORTIONAL TO 0ZM4 
C     THE ERROR IN RK3 IS PROPORTIONAL TO H**4, H IS DETERMINED BY JS 
C     IPAX-l MAY NOT BE LARGER THAR THE NO. OF PREVIOUS K STATIONS 
C     KNOWN. FCR K>>8 (K STARTS AT 5)  IMAX-3 MAY GIVE SUFFICIENT 
C     ACCURACY FOR THE  XI  DERIVATIVES. 
C    BEGIN SECTION 1 
C    PARAMETERS FOR VELOCITY ECNS 

IMAXU-69 
LPAX-^O 
JCIM-5 

C     JCIM IS THE NO. CF EQNSMT IS THE MAXIMUM VALUE OF J 
00 6T 1-1,4 

67 SIII-O.DO 
CC 1480 J-1,5 

C     JOIH<-S REQUIRED 
VINF(J|«0.DO 
CC 1480 MM,3 
CC 1480 L-1,LMAXU 
CO 14R0 1-1,4 

1480 Y(M,J,L,I)»O.D0 
VINFdl-l.CO 

C     IN THE LCCAL IMPLEMENTATION AT TRIANGLE UNIVERSITIES COMPUTING 
C    CENTER (TUCCI, FILE 1 IS THE DATA CARDS AT THE ENO OF THIS CECR, 
C     FILE 2 IS THE CARD PUNCH, FILE 3 IS AN 133 SPACE/LINE PRINTER 
C     THE FIRST CATA CARD HAS, IN FORMAT(5F15.101 THE INITIAL ESTIMATES 
C     CF CVZ FCR THE 5 EONS. 
C     THE  2ND  DATA CARD CONTAINS, IN FCRMAT(FI0.7,F1C.4,2FIC.7,F20.16, 
C     F10.7) THE VALUES OF I 
C     1  XO: THE POSITION OF AXIS CF ROTATION ALONG THE CHCRD ;XC=. ?"j IS 
C 25t CHORD 
C     2  AR: THE ASPECT RATIO; IT IS USED ONLY IN STMT eifl«! 
C     3  ALPHB: THE GECMETRIC ANCLE OF ATTACK OF THE BLADE IN DEGREES 
C     4  TR: THE NONCIMENSIONAL INDUCED VELOCUY-TRM SPAN/CHCRDI 
C IT IS OF THE ORDER OF Tit SQUARE ROOT CF THE COEFFICIENT 
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C OF THRUST 
C    9 XIINFt THE POSITION OF THE STAGNATION POINT IN BODY COORDINATES 
C IT IS NORMALLY NEGATIVE.I.E. ON THE BOTTO* SURFACE CF 
C THE AIRFOIL.IF IT IS NOT KNOWN, READ IN A VALUE OF 14.00 
C AND THE PROGRAM MILL CALCULATE A CORRECT VALUE 
C    6  RK2J THIS IS THE CONSTANT K2 IN THE EON FOR LOWER CASE 0. IF IT 
C IS NOT KNOWN,PUT IN AN ESTIMATECSAY .1) AND AFTER THE PGH 
C RUNS IT MAY BE FOUND BY EXTRAPOLATING -F2CVF2K* TO THE 
C SEPARATION POINT XIS.  XIS IS THE VALUE OF XI AT WHICH FO" 
C AT THE MALL <YI3,1,2,11» GOES TO ZERO. SINCE THE 1ST EON 
C (FOR FO) HILL NOT CONVERGE FOR FO" AT MALL < .06 TO .04, 
C XIS IS FOUND BY EXTRAPOLATION. 

REAOU.UBl) (OVZUtllf J-l.JDIM) 
14B1 F0RPAT(SF15.1O) 

C     THIS WRITE STMT IS FOR DECKGUT PURPOSES 
URITEO,20011 (DVZ(J,1), J-UJDIH) 

2001 FORMAT« • ÜVZ-«,6018.9  I 
CC 1399 IS-1,5 

Hi*  MS(ISI*.s6o*(IS/3+IS/S) 
CC 1485 MM,3 

1489 U(M,1)«0.D0 
CVZINC>.00500 
ERRMAX>2.D-5 
NRITE(3,1S2) JDIM,LMAX(ERRMAX 

152 FCRMATt/' NO. EOMS«',12,5Xf•LH*X MUST BE <• ,13,5X,«MAX ERROR IN VE 
FLCCITY AT MAX ETA«*,012.5/) 
CZST-.1C0 
ZMAX-5.5 
Z(2)-O.D0 
CZfU'.l 
Z(U—.1 

C     FIX STifP SIZE IN ETA (Z) AND INCREMENT OF ETA (CZ) 
DF-0 
CC 1484 L-2,LMAXU 
ZCl)»(L-2»*DZST 
IF( Z«L» .LT. ZMAX  ) LLL-L 

1484 CZ(L)-Z(L)-Z(L-1I 
ZMAX-Z(LLL-1I 
CIST-OZILLL) 
K-0 
CC 954 L-LLL,LMAXU 
CZE>2.00*CZ(L-l)-0Z(L-2) 
012-1.D0/CZST4ZMAX-ZCL-1I-CZE/4.CC 
CZ(L)«(l.CO*ZMAX«2*Z<L-t)*(Z(L-l»-2.D0*ZMAX) »/D12 
IFI DZ(L) .GT. .400) N*l 
IFIN.EO. I) .CZ(L)>.4C0 

954 Z(L)*Z(L-1)«CZ(L) 
WRITE«.!,1482» (L ,Z(L ) , DZ (L »,L>1,LMAXU ) 

1482 FCRMATI/ •   L« ,tX, »Z« ,9X,«0Z'^X^L',6X, «Z • 9X , «DZ ' ,6X,'L',6X, • Z • 
l.qx.'CZSöX.'LSöX.'Z'.qX^DZ'.iXf'L'ttX.'Z'.^X, «OZV (I4,2F10.6, 
2,:Sl4,2F10.6,':*,I4t2FlC.6,';

,,I4,2FlC.6,,;l,I4,2F10.6ll 
C     INITIALIZATION FOR "VELOCITY PROFILES AT SELtCTED CHCROhlSE 
C     PCSITIONS" G MAY BE REMOVED IF THAT SECTION IS OELETEÜ 

CC 8025 IYP»l,4 
CO 8025 IXP>1,4 

8025 ILIM(IXP,IYP)>O.CO 
PCNS-50.CC 

C END INITIALIZATION FOR "VELOCITY PROFILES AT SELECTED Ch:ROWISE 
C ENOPARAMETfcRS FOR VELOCITY ECNS 
C     END OF SECTICN I 
C     CE6IN SECTION 2 
C     PARAMETERS FOR POTENTIAL FLOW 
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TXRtST(LBF) 6000 8000 10CCO .18 17140 
T« .0504 .0582 .0C5I .0OC20S7 .C63115 
AKKADIANS) .1050 .1310 .1561 .C0C207 .lC4e 
ALPHSIDEG.) 6.01 7.50 8.44 .0118379 6.CO 
XIS .256 .108 .123 .460 .30 
RR2 .365 .226 .081 .898 .48C 
RCTCR(FEET) 24 24 24 4C 

READIlt246) XOtAR    tALPHB.TR,X1INF,RK2 
246 FCRMTfFlC.7»F10.4.2F10.7tF2C.16»F10.7) 

C     TAB-TR>OSCRT»2.00*0STHT> IS NECESSARY TO AVOID OVERFLON 
EPS-9.20-2 

C     EPS DETERMINES THICKNESS CF JOUKOUSKI A1RF0IF 
C     XO IS POSITICN ALONG THE CHORD OF THE AXIS OF ROT&TICN; .25 IS 251 
C     CHORD 
C     »R IS THE ASPECT RATICMT IS USED ONLY IN »VELOCITY PROFILES AT 
C     SELECTEE CHCPDHlSE POSITIONS' 
C     »LPHB IS GECPETRIC ANGLE OF ATTACK 
C     THE NQNCIMESIUNALIZEO INDUCED VELOCITY-TR«!SPAN/CHORD) 
C     XIINF IS THE CHdRDWISE POSITION OF THE STAGNATION POINT. IT IS 1>I 
C     BODY COORDINATES AND IS NORMALLY A NEGATIVE NUMBER. 
C     RK2 IS THE CONSTANT K2 IN  Q«1-K2/YY*«2;YY-SPAN/CHORD 

•R-ALPHB/57,29578 
TAB>OTAN(AB) 
WR|TE(3t40OI XO.AR    «ALPHRtTR* X I INFtRK2fEPStTAB 

400 FORMAT!// • THE POSITICN OF THE AXIS OF ROTATION ISSfB.4,»CHORD'/ 
I» ASPECT RATIO=»,f8.4/» GEOMETRIC ANGLE OF ATTACK»•,F12.8,»DEG.•/ 
2» COEFFICIENT CF iNCUCEO VELCCITY-TR-» ,F12.8/' PCSIITION OF THE ST 
SAGNATICN POINT IN BODY COORDINATES:  XI INF«'iDl5.fi/» K2-»,F8.4/ 
4» THE THICKNESS CF THE AIRFOIL IS CONTROLLED BY THE PARAMETER EPS» 
5,» lEPS-'tF^.B,/' TANGENT OF AOA«» «D15.8//) 
FRS-OSIN(AB) 
FBRa-CCCSUBI 
FAS»-FHR«TR*FBS 
FAR«FBS»TR*FBR 
FI»-(l.DO*TR*TAB»/(T«B-TRI 
SGN-l.CO 
rEl-2.DO/(l,C0*FI»FI» 

C     Cfc !S THE PARAMETER D£LTA;IT APPEARS IN THE PARAMETRIC FONS FOR 
C     A JCUKOWSKI AIRFEIL. AS CE VARIES FROM  0 TO 2,   ICHORD GCFS FRCM 
C     0 TC 100« 
C     DEI IS DE AT THE STAGNATION POINT. 

SI«0EI-1.C0 
JS-1200 
F»l.D-3/JS 
CSTRT-l.D-20 
XSTRT«EPS*DSCaT(2.D0»CSTRT)/{l,C0*Ef "J 
IFI   XIINF   .GT.   la.DC)   IPLUP>2C7C 
IF«   IBLUP   ,NE.   2170»   GO   TC   819C 
CEP-1.D-3*DEI 
CALL   RK3ICS0X,H,XSTRT-,CSTRT,3.C0.UEP,XIINTtnVf IER) 
H».lCO/JS 
CftlL   RK3(DSDXrHfXIIN1l,DCP,3.CC,CEI,XIINFfDVtIER) 

C tSDX     CALCULATES  THE   DERIVATIVE   CF   DE   «CR   S   iSINCE   S=CE-n 
8190   CONTINUE 

IF(   FI        .LT.   O.CO   )   SGN=-l.rC 
C SGN   »l.CO   FOR   THE   TÜP«AHCVE   THE   CHORD   LINE»   CF   THE   AIRFCIL; 
C SSN—1.00   FCR   THE   BOTTOM 

IF(   IBLUP   .EC.   2070   I   XIINF«XIINF*SGN 
IPLUP^O 
ViRITC(3f4Cl»   Sl.XIINI .Cbl.FI 

kCl   FCRMATI »    SltXllNr.CEItFI ».öUlfl.lC   ///» 
Cl)PPY-13.C0 
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C IENC 
C 
C BEG I 
C 

r. 
c 
c 
c 

c 
c 
c 
c 
c 
c 
c 
c 

PCTENTML FLOh 
? 

( 
FCR XI ; CXnK)-XI(K)-XI(K-n 

SPACIK6S USEÜ 

B9«)»0SDXJDU>'HY,0En 
C     OSOX WILL CALCULATE XR (THE PCSITION ALONG THE CHORC,MEASURED FRCP 
C     THE AXIS CF RCTATIONI ANC /R (ONE-HALF THE AIRFOIL THICKNESS» AND 
C     THEIR CERIVATIVES WITH RESPECT TO DE (f.' THRL BIOI 

P10I-HIO 
CXI(4)«1.2D-6 
CELX»2.5C-3 
XI(*|«O.CO 
X(4i>XII.NF 
CE»DtI 
T-SI   i 
KTX=xO 
PARAMETERS EOR 
EKD OF SECTICH 
h     K LOCP IK XI 
K IS THE INDEX 
DC 30 K*5,A5 
BEGIK SECTION 3 
THE OPTIMUM XI SPACING DEPENDS ON ALPHB AND TR;THE 
FCR VARI.CUS CQr'niNATIOKS CF THE TWO ARE GIVEN: 
FCR AlPHE*6.Cl; TF>.05C^ 
DXIIKI-^crx*(I*K/Ü3*2*(K/33M4*(K/«C) » 
FCR ALPHE«  *'••; TR>=,058? 
0XI(K)>ÜELX*(l^K/23*2*(K/33l42*(K/AC) ) 
FCR  ALPHe-B.94; TR=.06^)1 
CXI (K)>f}ELX*( l4K/23«2* (K/33n 
FCR  ALPHE"6,00? TP.-.0631 
CXI(K>^DfcLX«(l+K/2 3-K/A642*(K/33)42*(K/4C)*6*(h/4An 
FCR     ALPHB-,0UH379;   TR-.0OO2C5? 
DXI(K)*0ELX*(2»K/l3-K/264K/21*8*(K/22»*   5*(K/29)» 

153   XI(K)-XI(K-1KCXI(K) 
XIKI-XMM+XIIN» 
OXlK|«DXtfK) 
II»AX«4 
IF(K   .LT.   7»   GC   TO   «»16 
CC   MfW  J«1«J0!H 

14R9  CV7IJtn«(Y(3tJi2t2)*(X(KI-X|K-2n-Y(3,J,2.3i*CX(K))/CXIK-l) 
IF(K   .LE.   7)   GC   TO   516 

C K>»8 
S(l)-XI(K)*(l.CO/(X(K)-X(K-3H«1.00/(nX(K)«OX(K-lM41.0C/DX(K)    I 
S(2H-XI>!v>*IX(K»-X(K-3»l*(DX(K)fCX(K-in/(    ( DX(K-U*OX (K-2 ) )* 

2     DX(K-1)«DX(K)    I 
S(3»»XIIK»*(X(K»-X(K-3n*rX(K»/(CX(K-2»«0X(K-n»(nx(K»*0X(K-in    I 
S(4J»-XI(K)*IDX(K»*CXfK-l»»*CX(K»/(   0X( K-2» ♦( OX K-l» ♦OXIK-2 I» « 

A        IX(KI-X(K-3))    > 
C SHI   IS   THC  CCEFFICICNT   CF   THE  VALUE  AT   THt   POINT  K-Ml   IN  FORHINC 
C THr   DERIVATIVE     XI*(DERIVATIVE  WRT   XI) 
C IMX   IS  THE  PAX   VALUE  CF   I 

CC   1«7  J«1.JD(M 
CV/(Jtl»«CV/IJfl»♦0X(K)*(X(K>-X(K-2))»(   V(3,Jt2,3)*(X(K-1)-X(K-3)) 

V(3,J,2tA)*nx(H-l»-V(3,J,2f2l*CX(K-2»    »/(nX(K-1»♦PX(K-2)I 
IFlK-fc)   518,519,520 
XI(!>»*CXI(4) 
rxi(R) = XI(K)-XI(|c-l) 
IMX»2 
GC  Tf.  521 
CCNTINUC 
XI(6»«.5C-3 
K»6 
S(1)-1.L0 
S(2l*-l.Cr 
CXl(KI = Xt(K»-XIIK-H 

D 
1437 

I 
516 
5lfi 

519 
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IMX«2 
cc i*«>o j«i,jnrM 

1-^0   CV7(Jtl)-V(3tJt2t2)*(l.D0-1.9DO«OVZINC)*.« 
GC   TO  921 

«2C   IKK   .GT.   7»   GO   TO   521 
C K"7 

xii7i*cxini 
CXIIKIoXIfKI-XKK-l) 
CXIKI'OXHKi 
X(K)-XI(kitXIINF 
S(l)-(l.0O/0X(K)4l.OO/(OX(K)fDX(K-l)))*XI(K) 
S(2) —I0X(K)«1)XIK-1I)/(0X(K)«CXIK-1))   »XKK) 
sm-nxm/nnxm+oxiK-umxu-in 
SI3)>S(3I«XI(K| 
I»»*X-3 

521 CCNTINUC 
xm-xniotxiiNF 
cxtK)-nxi(K) 
SGN-l.nO 
IFCXU»   .LT,   O.DC»   SGN—1.D0 
JS>15000«25/(K«K J*1000 
H-(XIKI-X(K-in/JS 
HalQ.OO*»« 
CFP-CE 

C ?K0  OF   SECTION   3 
C BECIN   SECTION   4 
C   HEGIK    . JICJL*TICN   OF  THE   FUNCTIONS  OF   XI   THAT  APPEAR   IN  B.C.   AND  ECNS. 

IF(X(KI*X(K-ni   3314,1405,33i5 
3314 H«.0100«H 

C THE  VALUE  OF  DE   IS   FCUNC   BY   INTEGRATING  OSDX  TO   XIKI   FROM  XSTRT 
CALL   RIO (C<0X,K,XSTRT,CSTRT,XIKI,27.00,XF.OE.IER) 
GC  TO  320 

C THE  VALUE  OF   CE   IS   FOUND   BY   INTEGRATING   OSDX   TO   XIKI   FRON  XIK-ll 
3315 CALL  RK3(CSOX,H,X(K-ll,CEP,X(KI,21.D0,XF,DE,IERI 

320  CONTINUE 
T>CE-1.C0 
CUI>MV«19«00*S6N 

319  B99«0SDXtCUPPY,DE) 
kRITE13,4501 K,XI(R)VIER,CXI(KI,CE,SGN,X(K} 

450 FQRPATI* K-ltI3,5X,*XIIK)«*,CI9.11,IOX,*IER->,I5 / • DXIIK)«', 
lCl9.11,5X,'CE«',C19.U,5X,'S6N-»,F5.2f5X,'X!KI-»,01«I.ll» 
eiI-2.00«IB2*B4«e3*ti5l 
612-2.00«IB4»B4+e2»B6*B5*B5*B3»B7» 
XR«U.O0*EPS}*(T-EPSI*(l.CO-»(11.0C-EPSI**2l/Bl)/4.G0 
XR-XR«II.C0«EPS*EPS)/2.C0-X0 
IR>.2500*I1.00«EPSI*DSGRT(OE*II.OC-T)l*(l.DO-ll.OO>EPS)««2/111«SGN 
t)RITEI3,45I) XR,B2,64,B6,;RVE3,B9,B7,B1,B10,B11,B12 

451 FORMTI • XR,B2tB9,a6*ZR/63,B5,B7,BlfB10,Bll(R12*,9Cl6.9 /7D18.1C) 
CES«DSCRTIDE) 
GPSS-DSORTIl.OO-T) 

C     PS1 IS IST DERIVATIVE OF THE POTENTIAL, SUB   IPT SIGNA, MRT ol^NA 
C     PR3 IS 3RC DERIVATIVE CF THE POTENTIAL, SUBSCRIPT RHC, MRT £IGM 

PS0*I1.C0«EPS)«T/2.C0 
PRO-ll.004EPSI«(SGN*DES*OPSS-DATANIS6N*DES«Or4SS/Tn/2.DO 
PS1-I1.00«EPS)/2.00 
PS2-0.00 
PS3-O.C0 
PR1-S6N«PSI*CNSS/DES 
PR2>-S6N«PS1/I0NSS«I0ES*«3I) 
PR3- SGN«PS1*I1.00-2.0C*TI/HOMSS««3I*IDES««5)) 
eP(ll«R10 
CC 317 I>2,10 
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317 epm>BP(i-n*eio 
C    USO IS 1ST (OMtCERIVATIVE OF PQTENTIALt SUBSCRIPT SIGHA, WRT XI 
C    IIR2 IS 3RD (2*llCERiV«TIVF CF POTENTI Alt SUBSCRIPT RHO, hRT XI 

USO-PSI/CIO 
URO«PRl/eiO 
USE—.500*B11/BP«4) 
URI-US1«PR1«PK2/BP(2) 
US1>US1*P$1 
US2»-.5CO*Bi2/BP(5MBn*Bll/BP'7» 
UR?-US2*PRI-PR2*1.50C4'B11/6P(5UPR3/BP(3) 
US2-US2*PS1      - 

C PHI*   IS   PH1,SUBCRIPT   «.     UAO   IS   THE   FIRST   CtRIVMIVF  OF   »HIA   »RT   X 
C UA1   IS   THE   SECCNC   CERIVAT IVE...«FTC. 

PHIA-FAS«PSO*FAR*PRÜ 
UAO>FAS*USO-»FAR*URO 
UAl-FAS^USltFAR^URI 
UA2-FAS*US24FAR*UR? 
HRITEI3«459)   PROTPRltPR2,PR3tPSCtPSI«PS2»PS3«   USOtlSl«US2«UR0> 

W  URl«UR2t   PHIA,ÜAOtUAI.UA2 
459  FORMAT!   •   PRO« PRI«PR2.PR3/PSC«PSl«PS2tPS3   •« 4(320. ll/«n2C. II « 

F   •   USO.USl«US2«UR0tURl«ur,2*/«D2C.U/'   PHIA,LAC«l.Al«LA2   '«4020.11   I 
C ALPHA   IS   THE   ANGLE   BETWEEN  THE   NORMAL   TO   THE   SLRFAfE   Cf   THE 
C AIRFOIL   AND  THE   UPWARD  NORMAL   TO   THE   CHORD   LUE 

ALPHA«DATAN(B3/B2) 
IF(S6N   .S.T.   O.CO   )   ALPHA*   3.1415S26S36  «ALPHA 
ADEG-S7.2958<»ALPHA 
CC=2.DO*DCOSCALPHA-AB»/UAC 

C VOELTA   IS   THE   FIRST  IE**   IN  THE   EXPANSION   FOR   THE   jPANWISE 
C POTENTIAL   FLOW.   MHICH-  VCELTA*VDEL2/VV**2 

VCELTA«PH1A*XR*IFBR-FAS)-ZR*(FBS*FAR) 
PO-XIIK)/UAO 
HO-XI(K)*UAO 

C XHO   IS   M,SUBSCRIPT   0   .  XKJK   IS   MtSUBSCRIPT   2K 
X*0=PO*UAl 
RM-(XM'O«l.D0)/2.D0 
XM2K-XMO*(1.0O-XMOUXIIKI«XI|K)*UA2/UAC 
0CDXA«l64-B2*Bll/t2.00*RlQ*B10)»/(BlC*BlC) 
CSCXA«(B5-B3*BII/«2.Ü0*B1C*BIC)>/(BlC*BlC> 
OCOX«OCDXA*DCaSCAB)-»DSDXA«DSIMAB) 
DSWX-DSOXA«DCQS ( AB l-OCCX A«0S IN ( AB ) 
CS=TR*,. i (K J *CS IN I ALPHA- it » 
CS2*RK2*(CS4TR*X I (K »*, i«K)«DShXI 
CC2«RK2*l-XH0*CC+2.fJ0«K0»CCDX i 
RL2«2.00*RK2 
P2>RK2«PO*(l.DO-XMO) 
VCEL2-RK2 *(HO*( l.DC-CCJ*CS I 
H2>RK2*HC*(l.DO+XMO» 

C    PCC IS tCHCRC; PCNS IS tCHQRC NEAR SEPARATION 
PCCIKI-IOO.OO*IXRtXO) 
l'TIL<K)-UAO 
VDELIKI-VCELTA 

C THIS  WRITE   STMT   IS  FOR  CHECKOUT   PURPOSES 
C URITE(3,1*6)   ALPHAfAe.CCDMtCSOXAtDCOX.OSMX 
C   U6  FORMAT! •   ALPHA«AB,nCCXA,ÜSOXÄ«OCOX«DSWX   • «2C18.1C«4016.7   ) 
C VINFIJ)   IS   THE   B.C.  ON  THE  VELQCITV   IN   THE   JTH  ECN. 

VINFI5I-V0EL2 
VINF(2»«VDELTA 
MRITE(3.471I XR , ZRt FCC (K ), ADCC« CC«CC2«H0«H2«PC«P;«(JAC «VOELTA« V0EL2 

M«CS«CS2.    XM0.XM2K 
471 FORMAT! • THE POINT HAS CCQRCINATES XR«»,017.10,IX« 

1'ANC ZR*(,017.10t5Xv' tCHORD(AT INFINITE SPAN)><,017.10/ 
2« THE ANGLE BETWEEN NORMAL TO SURFACE AND NORPAL TO CHORD*',C17.10 

109 

^^*£*w**& **^<*r-*****,^nK.^^..^**^u&-r^uymw^ ■atj.,. 



B.'DfG'fSXt'CC-Sm.lCSX.'CCa-SClT.lO/  • HO-'tOlT.KMX, 
♦ •H2-'fül7.10,5X,«PO-«fÜl7.1C,5X,'P2«=',017. 10, SX.'UAO-',017.10/ 
3 • VOELT<l-«,ni7.IO,5X,'V0tL2-«,0n.l0f5X,» CS-• ,017. 10,5X, «CSZ-' , 
6 C17.lO,5X,   / • XHO»',017.iCSX.'XMZK-»,017,10 I 
IfAX-S.ICO^n.DO^XKKI 

C     I***   IS THE VALUE OF ETA TO MUCH THE SOLUTIONS ARE TAKEN.  FCR 
C    GOOD ACCURACY, ZPAX SHOULD BE CHOSEN SO THAT THE 2N0 DERIVATIVE 
C     CF THE STREAH FUNCTION WRT ETA (DVOZ) IS <".CCl 
C     SPEED AND CONVERGENCE ARE IPPRCVEC IF LMAX (MHCRE Z(LMAX)>-ZMAXI 
C     IS AS SMALL AS PCSSIPLK 
C  EKC  CALCULATION OF THE FUNCTIONS OF XI THAT APPEAR IN B.C. AHD ECNS. 
C     END OF SECTION 4 
1345 00 979 L-LMAX,IHAXU 

IFI2IL) .LE. ZPU)   GO TC 979 
IMX"L 
GC TO 980 

979 CCNTINUE 
LPAX-LNAXU-1 

980 IF( IMAX ,GT. LfAXU-1) LI»AX«LHAXU-1 
WRITEOt1481   LNAXtZMAX,ZILNAX)»HfOCOX,ALPHA 

148 FCRfATI      •        LPAV,ZNAX,?(LMAXI,H,CCOX,ALPHA   •,15,3014.6,2020.12   » 
UPITE(3,149|   IMAX,(S(I),I«1,4) 

149 FCRHATI   •   IMAX-^n,' SU >-• ,4020.10      ) 
C             PEGIN SECTION   5 
C   BEGIN  J LOOP   TO CHOOSE   VARIABLE 
C WHEN J-IS 12        3     4  4 5 
C STREAM  FUNC   IS     FO     GO     '2K     F2C     G2 
C P   DENOTES  NO.   PRIMES«! 

CC   1500   J*1,JDIM 
IF(J .EO. 2) LM4X>LMAX-1 
IF( J .EC. 3) LMAX>LMAX4l 

C     LMAX<LMAXU IS RECUIREC 
OVZINC«.00500 
IFCJ.Efi. 1 .ANC. K .GE. 8) CVZINC=l.D-9 

C     ERRMAX MAY BE RECIFINEC HERE 
Y(2,J,LMAX,U*VINF(JI 

C     Y(M,JffL,Il IS THE (M-l)OERIVATIVE OF THE STREAM FUNCTION OF THE 
C     JTH VARIABLE AT ETA=Z(L) ANC  XI»XI(K-I«1I 
C     FCR EXAMPLE,IF K C'JKR6NTLY»12, Y(2,5,37,3) IS 62* AT ETA-ZI37) AND 
c   xi=xnio) 
C     A(M,JvL)«S(l)*Y(MvJfL,I)-XI*(CERIVATIVE OF Y(M,J,L,l) HRT XI) 

CC 1491 L*1,LMAXU 
CC 1491 M-1,3 
A(P,J,L)«0.C0 
CC 1491 I-2,IMAX 

1491 A(M,J,L)>A(M?J,L)«Sm*Y(M,J,L,n 
KBLUP(J)«0 

c 
C BEGIN ITERATIONS ON B.C. ON VELOCITY AT EDGE Or B.L. 
C     CNCE THE RUNG6-KUTTA SCHEME HAS INTEGRATED THE JTH EON FROM ETA-0 
C     TC ETA«Z1LMAX-1>,THE ERRCR IN VELOCITY (Y(2,J,LMAX-1«1 )-VINF(J)I 
C     AT mMAX-1) IS STOREC IN ERR(ITER). THE SECOND DERIVATIVE AT THE 
C     MALL (DVZUflTERM IS CHANGED AND ITER INCREMENTED, THIS CGKTIMJES 
C      UNTIL ITER-ft (ECN PRESUMABLY NOT CONVERGENT) OR ERR(ITERXERRMAX 
C     THE RUNGE-KUTTA SCHEME USEC 15  DESCRIBED IN «INTROOLCTION TC 
C     NUMERICAL ANALYSIS" ,F.B, HILDEBRAND,MCGRAW-HILL,1956,PAGE237 

CC 1400 ITER«1.6 
IBLUP-O 
MAYN-O.DO 
WAYP-0.00 
ERRMO.DO 
ERRP>O.DO 
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LLM-LMAX*.9«K/54K/12 
2848      (3,J,?,U-DVZIJ,ITttU 

STIRI«0.00 
ILL-LHAX-2 

C 
C BEGIN L LCOP IN ETA (I.E. IN 7) 

CC 1300 L-2tLLL 
STID—.l25CO*(07a*i)««2)/((CZ(L4l)4nZ(L»»*CZ«L)l 
STC2»     •-.125C0«CZ(L«I)*(CZ(L)-CZ(L*lJ-0Z(L42))/I(OZU*l» 

2 ♦DZ«t*2»)*DZ(Ln 
Sim     — .l25D0*DZ(L*l»«(CZ(L*2)-DZ(L*U-0Z(L)>/MDZa*l» 

3 +DZ(L) »♦DZ(L + 2n 
ST(4)     ■-.i2500«(CZ(L*l)**2)/< (DZ(L»l)*0Za»2))*0Z«L*2»> 
MO 

C BEGIN ITERATIONS FOR RUNGE KUTTA 
CC 1200 IS-2,,5 
JH1-J-1 
IF«  (IS-3)*(2-LI .GT. 0 .OR.  IS .EQ. 4 ) GO TO 1527 
IF( (IS-3)4>IIS-4I .EQ. 0) GO TO 176 
DO 1492 JT-ltJMl 
OC 1492 ¥'1,3 

C     V(M,J) IS THE V(fSJ»Lfll EVALUATED AT THE VALUE OF Z RECUIRED BY 
C     STEP "IS" OF THE RUNGE KUTTA SCHEME 

V<M,JTI-YIM,JTtLtNfl) 
1492 C0(f«JTI-S(l)*Y(H.JTtL4N*l)4A(PtJT.L4N) 

CC 1493 H-lt2 
1493 CD(M.J)-AIMtJ*L4N) 

60 TO 1527 
176 OC 1593 P-l.S 

CC(>«>J)=i.500*CA(H,J,L)  ♦A(M,J,L*1)  ) 
IFIJ-1) 1692tl692f1693 

1693 00 1592 JT-l.JMl 
V(H.JTI».5D0*(Y(M,JT«L»l)-»Y(M,JT«L«ltl) I 
CCIH,JTJ-.5C0*«S(l)*(Y(M,JTfLfl)*     Y(H,JT.LM,I»)♦   «(ffJT,l)+ 

D   A«K,JTfL*l»    ) 
OC   1592   IST«lt4 
V«f«fJTI-V<f«,JT)*STIRL*STnST)*YIH,JTiL-2*IS7,l» 

1592 CC(HtJT)-C0(H,JTI«STIRL*ST(IST)*(S(l)*Y(HtJTtL-2«ISTtl)« 
D   A(HtJT,L-2-»IST»   I 

1692 CONTINUE 
CC 1593 IST»lt4 

1593 mH,J»-CC(«fJMSTIRL*STnST)*A(fSJ,L-2*ISTI 
1527 N«l 

DC   2732   Ml,3 
2732   VIM,J)-V(^,JvL,tMHIS(IS)*UirMS-n 

C UIMtIS)   IS   OZa«ll*(CERIVATIVE  OF   Y(K,J,   ,11)   EVALUATED   AT   THC 
C VALUE  OF   ETA  CALLED  FOR   BY   IS.     FOR   IS"2,ETA»ZIL»J   FCR   I5«384»ETA> 
C >(Z(L)«Z(LnH/2;   FOR   IS-5,ETA>Z(L«1) 

tC2,ISJ=»CZ«L*l)«IY(3,J,L,H*HS(IS)*U(3, IS-l)> 
U(l,IS)-CZ(L4nMV(2,J,L,n*MS(IS)*U(2,IS-m 
GC   TO   (1,2,3,4,51,J 

1 CONTINUE 
C PQN   1        J-l        Y(2,J,L,n«F0' 

U(3,IS)<iXK0*VI2»J)**2-RM*Vll,JI*V(3,J>-XHC«V(2.J)*(S(l)*VI2,J)« 
1 CC(2,l)t-V(3,J)*IS(l)*V(ltJ)4DD(l,l)) 

GC   TO   12C0 
2 CONTINUE 

C     ECN 2   J-2   Y(2,J,L,n = €C« 
U(3.IS)—(RP*V(l.n«CC(l,l))*V(3,J)4V(2,l»«IS(l)*VI2,J) 

2 +CC(2,2n -H0*(1.00-CC*VI2,n)-CS 
GO TO 1200 

3 CCNTINUK 
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C    EON S   JO   V«2,J,L,n-F2M 
UlStlSI—IRM*V(lvl|4CDntn)*V(3vJK(XM0*VI2tm00<2tlM*V(2t.i) 

3 «IXN0-l.D0)*.S00*VI3tl)*VfltJI«VI2tl)*(Sfl)«V(2fJ)-»DD(2fJI) 
3 -VI3tll*«S(ll»va,JI*D0(l,JH 
3 ♦XMK*U«O*(V(2,n«*2-.5C0*V(3,ll«V(Jltn-l.O0l 
60 TO 120C 

4 CONTINUE 
C    EQN 4  J-4  V(2tJiLfl)-F2C* 

U(3tlS)—IIIN*va(l)«0D(ltl))*V(3vJ}4(XM0*VI2aM0OI2tl))*Vl2tJ) 
4 ♦lXKb-1.00>*.500*V(3,U*V(l,ak*vr2,l)»rSCl)«»V(2,J»4DD(2tJ»» 
4 -VI3«ll*(S(ll*VlltJ)«D0ll*jn 
4«XIIKI*(VI2t.2)*VI2tli-*.'(*VI3tll*V(lf2)«CC*(VClELTA-V(2t2))-VDELTAI 
GO TO 1200 

5 CONTINUE 
C    EON 9   J-5   YI2tJtLtl)-G2, 

C    BK2 IS USED IN THIS EON 
Ul3,IS)—iRM*V(l,l)4DD«l,n»*V(3,J)*V(2,ll»(S«lMV(2,J>*D0(2,J)J 
5*RK2*(-C(l.O0-XM0»*.5D0»VUf3»/UA0+PO*DOCli3)/XnK»4V(l,l)*XH2K* 
9 .SOOi*V(3t2)4PO*V(2t3l*CO(2t2)/XI<Kl-(1.00-CC*V(2fl))*H2/RK2 
5 4H0«VI2tll*CC2/RK2 ♦XIIK»♦CC*V(2»3)-CS2/RK2 I 
5-Ul.DO-XHO)*.5D0*V(l,4»/UA04P0«»DDIl,4I/XHKJ*.5«P0*VCl,2>l*V(3»2l 
5 -»P0*VI2t4)*0O(2t2l/XI(K)4XI(K)*CC*V(2»4( 

1200 UOtIS)«UI3«ISl*CZ(L4l) 
C END   ITERATIONS FOR RUNGE KUTTA 

CO 1201 M-lt3 
C    THE VALUES AT ZtL4l) ARE EVALUATED 
1201 V(MtJtL4lvl)>Y(M.J.Ltl)4(U<Mt2)42.D0*(UIM,3)4lj|li»4})4U(»(f5))/6.DC 

C IF THE VELOCITY IS TOO LARGE OR SMALL,THE RUNKE-KLTTA INTEGBATICIV 
C    IS STOPPED AND THE VALUE OF CVZIJ.ITER» IS ADJUSTED AND THE 
C    PROGRAM RETURNS TO STMT 2848.'AFTER 50 AOJUSTOENTSdBLUR-SOl tTHE 
C    PROGRAM MILL CALL EXIT (I.E. STOP)  AT STMT 1409 

IF( YI2tltL4ltl) .LT. 0 .OR.  Y(2.1»L«1,1) .61.1.8) GO TC 129S 
IF(DABS(Y(2tJ«L41f D) .LT. l.DA J   GO TO 130C 

1299 IBLUP*   IBLUP41 
NBLUP(J)-NBLUP(J)4l 
IFdBLUP   .6T.   40) 

IMRITEI3t2849)   IBLUP,J,L,ITER,DVZCJ,ITER),Y(2»J,t4l,1)tV(3, JfL+l, 11 
2849  FORMAT«   14,*   TH   BLOWUP;  J-'tHt*     L>,tI3t*   ITER»',     14*'   DVZ-S 

F  C20.13,   •     VEL'SDIS.e,     •   CVDZ-S019.6) 
IMAY>Y(2,J,L4lvl)/0ABS(Y(2,J«L4ltl)) 
IFIIWAY   .GT.   0   )   NAYP-OVZ(jflTER) 
IFIIMAY   .LT.   0   )   HAYN-DVZU,ITER) 
IF( IMAY .GT. 0 .AND. L .GT. LLM) ERRP«Y(2,J,LI.*,1)-VINFIJ) 
IF( IWAY .LT. 0 .AND. L .GT. LLM) ERRN-YI2,J*LI>,l)r-VINF(J) 
IF(NAYN*NAYP)-2219f1718,2219 

2219 0VZU,1TER)-(WAYN4MAYP)*.5C0 
IFIERRP*ERRN   .NE.O.DO)   CVZtJ,ITER)«INAVN*ERRP-bAVP*ERRN)/(ERRP 

0 -ERRN) 
GO  TO  2220 

1218  0VZ(J«ITER)-DVZ(JtlTER)*(l.CC-I8LUP*INAY*   .100     *0V/1J,ITER)/ 
1 OABSIOVZ(JtlTER))   ) 

IFIWAYN*HAYP4(IBLUP/10-l).NE.O   .ANO.DABSIOVZIJ,ITER)).LT.   I.0-10) 
I   DVZUf ITER)-0VZIJ,ITER)-IMAV*.001 

2220 IFdBLUP  .GT.   50)   GO TO  1405 
GC  TO  2848 

1300 STIRL-l.CO 
C END  L LOOP IN ETA d.E. IN Z) 

ERR(ITER)*Yt2,JfLLL4l,l) -VIKF(J) 
C    THE ERROR IN MATCHING THE B.C. ON VELOCITY AT THE EDGE OF THE 
C    BCUNCARY LAYER I ERRCITTER)) IS USED TO FfND A UETTER VALUE FCR 
C    THE SECOND DERIVATIVE OF THE STREAM FUNCTION AT THE WALL (CVZ(J,IT 
C    CDVZ(J,ITER)) UNTIL ERRUTERXERRMX 
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(MITER .GT.3 ) 
C    THIS WRITE STMt IS FOR CHECKOUT PURPOSES 

U!RITE(3t969l K.J.IVERtL«IStOVZ(J» ITER).ERRI1TER) 
965 FORMAT!   •  K.JtIIERtL,IS.DVZ.ERR*.515.3015.6) 

IF(OABS(ERR(ITER)i .LT. ERRMAX) CO TO 1401 
IF(ITER-2I 81.8?.83 

C    ERRMX& DVZINC CAN BE FUNCTIONS OF J 
81, CVZ(Jf?)-CV7(J.n*( l.DC-DVZINCI 

60 TO 1A00 
82 0VZ(J.3)><ERR(2I*0VZ(J.1)-ERR(1)*CV7(J.2))/(ERR(2)-ERR(1)) 

GC TO 1400 
83 C12-(OVZ(J.ITeR-n-0VZ(J.lTER-2n/IERR(ITER-l)-ERRinER-2)) 

C23«IDVZ(J.1TERI  -OVZ<J,ITER-1) I/«ERR(ITER)  -FRR(1TER-1)» 
0123-(023>D12l/(ERR(ITER)-ERR(ITER-2)) 
DVZ(JtITER«l>-DVZU.ITER)-ERR(ITER)*ID23-ERR(ITER-l)4'0123) 

1400 CONTINUE 
C ENO   ITERATIONS ON B.C. ON VELOCITY AT EDGE OF B.L. 
1405 MRITEI3.14031 J 
1403 FORMTC EON NO.'.12.* FAILS TO CONVERGE BECAUSE« ) 

IFIIBLUP .GT. 50) WRITE«3.8186) tTER.ZIL) 
81R6 FQRNATC FOR ITER-'.I?,', THE VELOCITY BECAME TCC LARGE OR TOO*. 

PSMALL FOR ETA-*.015.6 / • THE VELOCITIES ARE CHECKED FOR SIZES 
2,AFTER STMT 1201«) 
IF« ITFR .GE. 6) WRITE«3.8181) «ERRtl).DVZ«J.I),I.1*1.6) 

8187 FORMAT!* THE B.C. AT Z(LMAX) MERE NOT MATCHED AFTER 6 ITERATIONS.' 
F'CN THE SECOND DERIVATIVE OF STREAM FUNCTION AT liALL «OVDZ) •// 
2*  THE ERROR IN MATCHING B.C.      OVDZ AT THE WALL    ITERATICN'/ 
3 ( 8XtC14.7.8X.D22.15«5X.m I 
CALL EXIT 

1401 CONTINUE 
ITERKP(J)-ITER 
CC 2324 L-LMAX.LMAXU 

C     THE STREAM FUNCTIONS «VIl.J.L.1))."VELOCITIES"!Y(2*J.L*I)). AND 
C     "SHEAR RATE".«Y(3.J.L.I)) ARF CAL'ULATED UP TO ZtLMAXU) IN CASE 
C     LMAX INCREASES AT THE NEXT XIIK) STATION 

V«1.J.L.1)-Y«1.J,LLL41.1)4VINF(J)*1Z(L)-Z«LLL«1)) 
Y!3.JtL*l)>Y«3.J.LLL«l.l) 

2324 Yi2.J«L.l)*VINFIJ) 
1500 CCNT1NUE 

C ENO   J LOOP TO CHOOSE VARIABLE 
C     END OF SECTION 5 
C     BEGIN SECTION 6 

CC IST J-l.JGIM 
157 IFI0ABSiYI3.J.LLL«Ul)l   .61.   1.0-3)     N-27 

NRITEI3.8183)   (J.J-l.JOIM) 
8183 FORMAT!/«  CONVERGENCE   ACHIEVED     FOR    J>     •.5X.6«13.UX)) 

WRITE!3,8184)   «NBLUPIJ ).J-l.JDIM ) 
8184 FORMAT!   •  NO.   ITERATIONS  TO  REACH  ZILMAX)•.5X.6(13*UX)) 

MRITEI3.8185)   «ITERKPlJ).J»1VJ0IM ) 
8185 FORMAT!   •   NO.   ITERATIONS   10  MATCH  B.C.       •.5X.6«I3.11X)) 

IF«N   .E«.  27)   WRITE!3tl58)   (Y«3»J.LLL«!.1).J*l.JDIM) 
158 FORMAT!   •   ZMAX   TOO   SMALLl   OVSZ«J)   AT  ZMAX**.   6014.5) 

HRITEI3.144) 
144   FORMAT!/   • Z L •   .      T25,.•F0•. T43.•G0•.   T61,«F2K'. 

>     T79,•F2C•,  797.«Gi» ) 
JMl>LMAX/4 
CC   861   L«2.LMAX 

C VELOCITY OR VEL   IS  ACTUALLY  THE   FIRST DERIVATIVE  WRT  ETA  OF   THE 
C STREAM  FUKCTION  CR  Y(2*J.L.I).   THE   2ND DERIVATIVE   IS CAMEO  OVDZ 
C CP   CVZ   «WHEN  EVALUATED   AT   THE   HALL) 

IF(«L/2)*2.NE.L   .AND.   L.GT.10   .AND.  L.LT.LMAX-2)  GO  TO  861 
WPITE.(3.142)   ZID.L.   «Y«2.J.L. 1).J-l.JDIM) 
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.AND.   L   .LT.  LM',1-2   .AND. 
(YM, J,L,n.J»l.JOIM) 

L   .NE.   (L/JMUtJHUGOTC   861 IML .GT. 10 
HRITEfSf143) 

861 CONTINUE 
WRITEO,l6l) (Yfl.J.LMAXtDf J-1*J0IM» 

161 FCRfATl • STREAM FUNCTION •  ,6018.9 I 
ttRITEI3,M7l (VINF(J),J«1.JDIM) 

1*7 FORMAT«' VELOCITY «T ZKAX» ,6018.9) 
142 FCRMATI F8.4,I4,' VEL ', 6016.9 ) 
143 FCRHATI  13X,*CV0Z ^6018.9) 

C     END CF SECTION 6 
C    BEGIN SECTION 7 
C     CHECK OF X CERIVATIVES AF 
C     THIS SECTION MAY BE HEHOVEC IF CESIREO 

IF(K.LT. 7) GO TO 7139 
CK~CXlK) 
CP-nX(K-l) 
L»LfAXU-3 
CC 7138 J>1,J0IM 
A(3,J,S)*-OK*Y(2(J,10,3)/l(OK«0P)»OPI«(OK-DP)4Y(2,J,10,2)/ICK«DP) 

5 40P*Y(2,J,1C,1)/((OK40P)*CK) 
A(3,JtS)'A(3,J,9)*XIIK-l) 

7138 CCNTINUE 
C     THIS IS THE VALUE OF XI*iDERIVATIVE OF V(2,J.»o.2) WRT XI) USED IN 
C    CALCULATIONS AT K-l 

liRITE(3,7140) (XC2(J)  ,J«1,JDIM) 
C     THIS IS THE VALUE OF XI*(DERIVATIIVE OF YI2,J,1C,2) hRT XI ) AT 
C     XIsXKK-li FOUND FftüM VALUES AT K,K-l,KK-2.  THE DIFFERENCE IN 
C     THESE ThC IS A MEASURE OF THE ERROR. REDUCTION CF THE XI SPACING 
C     MILL REDUCE ERROR BUT ALSO SLOW CCNVERGENCE. 

NRITE(3,7140) (A(3,J,9),J-l,JOIM) 
7140 FORMAT! • XI DERIVATIVES •    ,6018.9) 
7139 CC 7136 J*1,JDIM 
7136 XC2(J)  -A(2,J,10)*SI1)*YI2,.),10,1) 

THIS SECTION MAY BE REMOVED IF CESIREO 
END  CHECK CF X CERIVATIVES AFTER 1428 

END CF SECTION 7 
BEGIN SECTION 8 
DISPLACEMENT THICKNESS,SHAPE FACTOR & SKEW ANGLE    AFTER 143 
THIS SECTION MAY BE REMOVED IF CESIREO 
IF(K .LT. 8 .OR. JDIM .LT. 5 ) GO TO 8090 
CC 8040 IYP-1,4 
YP"(.300«IVP-.25C0*(IYP/4))*IR 
XP-XI(K)/(l.C0-RK2/YP«*2)«XIINF 
E(l)-(XP-X(K-l))*(XP-X(K-2))/( IX{K)-XU-l))*CXCK)  -XIK-2)) ) 
E(2)«IXP-X{K)  )*|XP-XlK-2l)/( «X(K-l)-X(K ) )»IX(K-1)-X(K-2)5 ) 
E(3)>(XP-X(K)  )*(XP-X(K-l))/( (X(K-2)-X(K))*(X(K-2)-X(K-m ) 
PCCP>0.D0 
UTILP-O.CO 
VCELP-O.CO 
0VAR-UAO«YP*YP 
DC 8020 l«l,3 
PCCP=PCCP*E(1)*PCCIK-I«1) 
UT1LP«UTILP*E«I)*UTILIK-I*l) 

802C VOELP-VDELP4E(I)*VOELIK-I«1) 
V0EIS-VCEITA*VCEL2/YP**2 
RK2 IS USED IN THIS EQN 
TK(3)-Y(l,l,LLL,l)*(RK2*Y(l,3,LLL,l)*Yll,4,LLL,l))/tVAR 
TK(4)»Y(1,2,LLL,1)+Y(1,5,LLL,1)/(YP*YP) 
TKI1)-Z(LLL)-TK(3) 
TK(2)«2(LLL)-TK(4)/VDELP 
UP«2»-0.D0 
VP(2)>0.C0 
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CC 8030 L-O.LLI 
C    RK? IS USED IN THIS FCN 

llPIL)-IV(2titLflH(RK2*Y|2.9.L»n*V(2t4,L«ll)/0V«R)**2 
VPCH"(Y(2,ütLtn«Y(2t5,L,n/«VP*VP)»*^? 

8030 VPILf-VPID/VOELS 
CC   R031   L-A,LLL,2 
TKI3l«rK(3)-Cf«LI*IUP(L-2J^.C0»UP(L-n*UP(L)»/3.D0 
TK(4»"TK(4l-C;(LI*(VP(L-2»*<..C0«VP(L-n*VP«Ln/3.CC 
IST-L 
IFJCML*?)   .NE.   i;Z(3>l   GO   TO   8033 

8031 CCNTINÜE 
8033   DC   8032   L«LST,LLL 

TK(3l«TK(3»-CZ(L)*(UP«LMUP(l-l)>*.5DC 
803?   TK(4)*TKC<i>-CZ(LI*(VP(L»4VP(L-lH*.60C 

CV4B-DSCRT«Ü*BS(»XP-<IIMF)/(VP*UTILP)I) 
CC   8016   1*1.4 

8016   TMII«TKm*CV«« 
TK(3)«TK(l»/TKn» 
TK(«)»TM2)*V0ELP/TKIA) 

C RK2   IS USED   IN   THIS   ECN 
CVAR>rP«UTILP*(Y(3vl«2tlM(Rli2*Y(3t3.2.1)«Y(3,4t2lni/(lA0«yp*YM)) 

C     /(Y(3.2.2,n*YI3,5.2tl»/(YP»YMn 
0VAR«1.D0/0V«R 
BET««n*TAMDVAR» ♦57.295 7flr0 
bRITEn.OOm 

8015   FCRPATI/SXt'X'fRX,1      X   DISPLACEMENT   •,•     Y  IIISPLACEftKT   •, 
l»   X   SHAPE   FACTOR     •.•   Y   SHAPE   FACTOR     •,   •      SCEV     ANGli^        •. 
2'      ASPECT   RATIO     •   .'      SPAN/CHORII   •        /     19X,»        THICKNESS '. 
3» THICKNESS •,      Tfie.MK   OEGRELS*   ) 
hRITE(3.8014)   XPtlTMI). IM.M.eETA.AR.YP 

80M   FGRPAT(5C17.10f2Ci6.<»fC15.fl» 
804C   CONTINUE 

C THIS  SECTION  KAY   BE   RFKUVEC   IF   CCSIREC 
C   ENC   CISPLACtPENT   THICKNESStSHAPE   FACTCR   C   SKEh   ANGLE AFThR   143 
C ENC  CF  SECTION   8 

IFUCIK   .LT.   4   I   GO   TO   1428 
RK2A«-YI3.4.2.1I/ Y|3,3*2.1) 
♦.R1TEI3.146)   RK2A 

146   FCRPATI   •   -F2C"/F2K"«,fC2C.9   » 
1428   CCNTINliE 

C BEGIN SECTION  9 
C VELOCITY   PROFILES   AT   SELECTEt   CHOKDWISE   POSITION«! 
C THIS  SECTION  MAY   HE   REPCVEC   IF   EESIREC 

IF(Y(3.1,2.11   ,LT..08651   PCNS=PCC(KI     -1.1 
CC   6080   IXP-1,4 
GO   TO  (8:71.8072.8072.60731   .IXP 

8071   PCCP«60.C0 
GC   TC  8074 

807?   PCCP-10«CO«20.Ca*(IXP-2) 
GC   TC 8074 

8073 PCCP-PCNS 
8074 IFIPCCP .GT. PCCIK) .CR. PCCP .LT. PCC(K-2)) GO TO PCfC 

Em-(PCCP-PCCIK-l)l*CPCCP-PCC(i<-2)»/nPCCIK)-PCC(K-in*(PCCCK)- 
IPCCIK-?!)! 
EI2)"IPCCP-PCCIK»»*IPCCP-PCC(K-2))/((PCC(K-ll-PCC<MI»(Pf.r.(K-l|- 

2   PCC(K-2m 
E(3»-«PCCP-PCCIXll»(PCCP-PCCU-lM/nPCC(K-2»-PCC(Kn»«PCClK-2)- 

3PCCIK-im 
XP«Em»X(K)*E(2»*X(K-lHE(3»*X(K-2» 

C IF   XP BE   FOUND   FOR   EACH   PCCP»   ABOVE   XPGE  NEEOEO  CNLY   FOR  PCNS 
CG   8064   IYP-1,4 
YP-(.300«IYP-.25CO*IIYP/4H*AR 
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IMILIMIIXP.IYPI   .6T.  01   60  TO   6084 
C RK2   IS  USED   IN THIS  EON 

XSP'C   XP-XIINF)*(I.00-RK2/VP**2I 
IPI XIU) .LT. XIP ) GO TO 8084 
ILIM(IXF,!YP)-I.DO 
E(ll«(XIP-XI(K-lll*!XIP-XI(K-2))/((XI(K)-XIlK-I)>*IXI(KI-XI(K-2n) 
fc«21-(XIP-XI(KI>*(XIP-XI(K-2)>/im(K-II-XI(Kimxi(K-n-XIIK-2))) 
E(3»«(XIP-XI(Kll*(XIP-XI(K-lll/{{XI(t(-2)-XIIKn«(XIIK-2l-XICK-U)l 
OVAR-VP*VP*(Em«UTIL(K)*Ei2l*UTIHK-l)+E<3l*tTIHK-2» ) 
DC R0fl3'l.-2tLMX 
UPlLI-O.Cf 
VP(L)-0.00 
DO 8083  1-1.3 

C     RK2 IS USED IN THIS EON 
UP(U-UP(L)*Em*m2tltLtI)-»IRK?*Yt2f3tLfn*YI2t4vl..in/DVim 

8063 VPCU-VPIL)>E(n*(Y(2.2tLtI)-»V(2«S«L.U/ tYP»-*PM 
MR ITE(3.8041) PCCP.YP.XP.yiP 

8091 FCMATI//* tCHCRC«',F 10.6, 5X, • SPAN/CHORD»',F 12.6,5X* X»',F 15. 1C ,SX , 
F »kl-'.FlS.lO I 
WRITE(3,8093» (UP(L),L-2.LMAX ) 

8093 FORMATI* CHOROMISE VELOriTIES* /( lX«I0Fe.4l) 
MPITE(3t8092) (VP(L>,L>2,LMAX I 

8092 FORMATI/* SPANMISE VELOCITIES* /( lX,10F8.4n 
8084 CONTINUE 
8080 CONTINUE 

C    THIS SECTION MAY BE REPOVEO IF DESIRED 
C END VELOCITY PROFILES «T SELECTEC CKJRDMISE POSITIONS 
C    END OF SECTION 9 
8090 CONTINUE 

WRITE(3,872» K 
872 FCRMATI*  END CF K-*,I5 ///) 

C    UPDATE MATRIX FOR NEW VALUE CFK 
00 1429 IT*1,3 
DO 1429 L-1,LMXU 
00 1429 J>ltJOIP 

CL 1429 M-lt3 
1429 Y(M,JtLt5-m>Y(HtJ,L,4-IT) 

30 CONTINUE 
C END    K LOOP IN XI 
C 

CALL EXIT 
END 
REAL FUNCTION OSOX*0IOUMPYtDE) 
IPPLICIT REAL»8 IA-H,0-Z) 
CCMM0N/BIJ/EPS,5GN,Bl,e2,P3,B4,B5,B6,B7,B8,L^,BlC 
IFISGN) 85.85,73 

85 IF« DUPMY .6T. Ö.0OI SGN-l.DO 
75 S-OE-l.DO 

CMS2-DE*(1.D0-S) 
IF(0ABSI0MS2)   .LT.   l.C-50)       NRITE(3.40n  DE.SGN,nMS2,0U*NY 
IFI0ABS(CMS2) .LT. l.C-50) OMS2-1.D-90 
eA-ll.D0-EPS)**2 
eB>l.DO>EPS*EPS 
BC-1.004EPS 
Bl«l.OO4EPS*EPS-2.D0*EPS*S 
B2«ec*(i.D0«eA*ee/(ei*Bi))/4.co 
B3-S6N*BC*(-S*(l.D0-eA/81)-OMS2«2.D0*EPS*BA/ei«*3)/(4.l)0* 

3 DSGRT(0PS2)) 
IF( DA8S(DUPPY*SGN-13.C0)  .GT. I.D-4) GO TO 18 
BD-EPS*BC*«A/(2.00*B1*OSCRT(CMS2)) 
E4-BC*BA*eB*EPS/61**3 
BE«B1*B1 
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c 
c 
c 

e5"SCN«BC«f-l.CO/<0Ä*DE)42.t0*S/ei-4.C0»EPS»OMS2/eF) 
B6"6.D0«E5>S*e*/ril 
eF-l.D0/iCE*CE*t)4)«2.r0/lil*12.  »EPS*^/BE-l6.O0«EPS«EPS*CKS2/Bl«»3 
B7«B*«12.DO*KrS/Bl*S/O>«S2)*S<;N*B0«BF 

401   FDR^ATI •   P2(M.DEfSG*itOMS2tDUPMY     ',6016.1      I 
1A   f>10«0S09TIB2*B2«B3«ü3l*SGN 

'IF(0AÜSIC17*1V).I T.l.D-6)bRITEO.401)B2»B3tDEfSGK,0MS2t0UMMY 
CSOX«t.DO/B:0 
(«rrt^RN 
E^n 
SUKROUTI>.£ 
RK3 IS T>.F 
IK   THE   Iff 

C 

C 

C 
C 

11 

12 

!<- 

16 

20 

?5 

30 

40 

45 

50 

AC 

70 
80 

RK3(FUN.,MtXI>VI,*FtVFt«NSX«ANSV,IE)n 
OCUBLE   PKEC1SICN  VERSION  OF   THE   PROGRAM  RKl   OCCUPENTEC 
TiANUAl   H20-02C5-3  "SVSTEK/afiO SCIENTIFIC   SUBROUTINE 

PACKAGF-PP.OGRAPMERS  MANUAL"  PAGE   331 
CCUPLF   PRECISION   HI,X I ,Y I ,XF,VF.ANSX, ANS-.H,XM,VN.HMEW,XN1,YN1 ,        RX1 SBC 

1                                          XX,YY.XKEH.YNEUfh2tTltT2tT3tT4(FUN R*l 590 
IEP  *   0 RK1 705 

IFIXF-XI»   U-11»12 RKl 710 
ANSX«XI RKI 720 
ANSV-Y1 RKI 730 
RFTUKN RKI 740 
TEST   INTERVAL   VALUE RKI 760 
H«HI RKI ?d0 
IF(HI)   16,14,20 RKI 790 
IER-1 RKI 800 
AKSX^XI PK1 810 
ANSV-O.O RKI 820 
RETURN RKI 830 
H—Hl RKI 840 
SET   XN^IMTIAL   XtYN*imTIAL   V RKI 860 
XN«XI RKI 880 
YN-YI RKI 890 
IhTf-GRATE   tKt   TIME   STEP RKI 910 
HMw=H RKI 930 
JUMI««1 RKI 940 
GC   IC   170 RKI 950 
XM'XX RKI 960 
VM«YV RKI 970 
CCfPMH    XN1    (*X(N«in   TO   X   FINAL.ANO   BRANCH   ACCrPCIKßLY RKI 990 
IF(XfO-XF)50,30*40 RKI 1010 
XK1-XF,   RETURN   (XF.YM)   AS  ANSWER RKI lOiO 
/SKSX'XF RKI 1050 
AKSV'YNl RKI 1060 
GO   TO   160 RKI 1070 
XN1  GREATER   THAN   XT,   SFT  NEW  STEP  SIZE   AND   INTEGRATE   ONf   STEP RKI 1090 
RETURN  RESULTS   OF   INTEGRATION   AS   ANSWER *K1 1100 
hNEW»XF-XN RKI 1120 
JU*P-2 RKI 1130 
GC   TO   17C RKI 1140 
ANSX«XX RKI 1150 
AhSY^YY RKI 1160 
GC   TO   IfcC RKI 1170 
XK1   LESS   THAN  X   FINAL,   CHECK   IF   (VN.VNI»   SPAN   Y   FINAL RKI 1190 
IFUVNl-VF)*IVF-YN»i6C,7C,UC RKI 1220 
YM   AND  YN  UC   NOT   SPAN  YF.  SET   IXN.YNI   AS   iXNl.YMi   ANO  REPEAT          RKI 1240 
VN-YN1 RKI 1260 
XN-XNl RKI 1270 
GC  TO   170 RKI 1260 
EITHER  YN  OR  YN1   "YF.   CHECK  WHICH   ANO   SET   PROPER   (X,VI   AS   AKSbEK     RKI 1300 
IFIYN1-YF180,100,80 RKI 1320 
AKSY-YN RKI 1330 
ANSX-XN RKI 1340 
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GC   TO   160 
100   ANSY-VN1 

«NSX-XN1 
GC   TO   160 

C Y*   AND  VM   SPAN  VT.   TRY   TO   FIND   X   VALUE   ASSOCIATED  «ITH   YF 
110   CG   IAO   1-1,10 

C INIERPOMTE  TO  FIND  NEW   TIME   STEP   AND   INTEGRATE  ONE   STEP 
C TRY   TEN   IMTEPPOimCNS   AT  MOST 

HNEW-MVF-YN   l/(YNl-YNH*l»Nl-XN) 
JllMP-3 
GC   TO   170 

115   XNEW>X'<( 
Y(iiEW-YY 

C COMPARE   COMPUTEO  Y   VALUE   WITH   YF   AND  BRANCH 
IF<VNEW-YF)120tl50,l30 

C ADVANCE«   YF   IS   eETKEFN  YNEN   AND   VN1 
120   Yh-YNEW 

XN«XN£N 
GC TO 1*0 

C     ADVANCE» YF IS BETWEEN YM ANC YNEW 
130 YN1*YNEW 

XN1«XNEW 
140 CCNYINUE 

C     RETURN UNFW.YF» AS ANSWfR 
150 AKSX*XNEW 

ANSY-YF 
160 RETURN 
17C H7«HNEl(/2.0 

T1-HNEW*FUN(XN.YN| 
T2«HNFW*FUN(XN4H2,YN*T1/2.0) 
T3-HNEW»F»JN(XN*H2,YN4T2/2.0> 
T4uHNEW*FUN(X*aKNEWtYN4T3> 
YY-YN*IT142™0*T2*2.Ü«T34TA1/6.0 
XX-XN4HNEW 
GC TO (25.45,11S>, JOFP 
EMD 

RK1 1390 
RK1 1360 
RKl 1370 
RH1 1380 
Ml 1400 
Hil 1420 
RK1 1440 
RK1 1450 
RK1 1470 
RK1 1480 
RK1 1490 
RK1 1500 
m i5io 
RKl 1530 
RK1 1550 
Rn 1570 
RK1 1590 
RK1 1600 
RK1 1610 
RK1 1630 
RK1 1650 
RKl 1660 
RK1 1670 
RK! 1690 
RKl 1710 
RKl 1720 
RKl USO 
RKl 1750 
RKl 1760 
RKl 177C 
RKl 1780 
RKl lv90 
HKI 1800 
R-l 1810 

RKl 1840 
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IMPLICIT REAL»8 IA-H,0-Z> 
C A FORTRAN PROGRAM FCR A RC.TOR BLACE IN FORWARD FLIGHT KITH LIFl 
C THE PROGRAM OCCUPIES LESS THAN Z0C.000 BVIES IN FORTRAN IV-G, 
C LEVEL 1, HOD 3 

COMMON/BIJ/EPStSGN,Bi,B2,P3,e*,B5,86,B7,88,B9,BIO 
DIMENSION X(8a>,0XI80l,XI(80>,DXI<80>,BP<4>,Y(3,12,75,4), 
1 H2,12,751, S(4>, ST < 4 ) , ERROR 112 ) ,BC ( 12) , BCL ( 12 ) ,1M AXR <12 j , 
2 CKEGAC12J.ITERM12I, Z ( 75 ), DZI75 », DN« 75 > ,EN (75 >, 
3 SDZ(75>,EY(75I, DUMV175 J,DTI 75 I, EYK(450 J,EEC(12),RHSF(75) 
4 • XDCU2),XCP(12),PCEU2),RKJ(12),IKERRt80) 
01PENSION SHV«20),PSIVt2Cl,VAVI2C),ARV<2C),PCCVI2CJ,SHTt20», 
C PSIT(20 I,VAT(20),ARTI2C), RHSI12,75),0T2(75 I,PCC(801,UAPKt80), 
C UCPK(80),E(3) 
V, ILIM(20,4),RNUK(80J,TK(6),UP(75),VP(75) 

C THIS 01 MENSICN STMT IS F0RsK<*8C,M<=3,J<=12,L<=75,I<=4,Nr,T£NGVEL<61 
EXTERNAL CSCX 

C SYMMETRIC,LIFTING ROTOR UNDERGOING FORWARD FLIGHT 
JCIM=5 

C JDIM IS THE NO. OF EQUATIONS TO BE SOLVEO; IT IS THE MAXIMUM 
C VALUE OF J 
C IF JDIM=5 THE PGM ASSUMES THAT KIC IS TO BE FCLND 
C IF JDIM=9 THE PGM ASSUMES THAT K2CR,K2C,K21,£K22 ARE TC BE FCUNC 
C AH0 THE VALUE CF KIC (RK10) THAT WAS READ IN IS CORRFCT 
C IF JDIM>9 THE PGM ASSUMES THAT K1C.K20R,K20,K2\ 6 K22 ARE KKCWN 
C AND HAVE EEEN READ IN CORRECTLY 
C 
C SECTION is INPUT VALUES NEEDED FCR THE POTENTIAL FLCW SCLUTICN 
C READU.XXXX) DENOTES THE CATA CARDS AT THE END CF THE CECK; 
C WRITE(2,XXXX) DENOTES THE CARC PUNCH; WPITE<3.XXXXI DENOTES A 
C 133 SPACE/LINE PRINTER 
C PARAMETERS FCR POTENTIAL FLOW 
C EPS(EPSILONI CF .092 GIVES AN 11.9% THICK A 3FCIL 

EPS=9.2C-2 
C LESS THAN 160 PAGES ARE NORMALLY PRINTED. 
C CN IBM MCOSL 360/75 A CPU TIME CF 9 MINUTES ALWAYS ACTUATE. 
C IF NEITHER K10 NCR THE POSITION CF THE STAGNATxCN PC I NT (XUNF» IS 
C KNOWN, SET JCIM=5 AND PUT XIINF=14. ON THE FIRST CATA CARD. 
C CNCE THE VALUE OF K10 HAS BEEN FOUND t B1 EXTRAPCl HNG 
C F10C"/F1K"3WALL TC SEPARATION VALUE OF XI, XIS),"1 N JDI" SHOULD 
C BE SET TC 9 AND THE PROGRAM RERUN. VALUES OF K2CR <2C,K21, AND 
C K22 ARE FOUND BY EXTRAPOLATING THE VALUES OF -DwC./r2K" TO XIS. 
C CNCE THE CORRECT VALUES OF THE K2«S HAVE BEEN ENTEP- C CN THE 
C SECCND DATA CARD, SET JCIM TC 12 ANO RERUN THE PROG!' AM. THE 
C SUCCEEDING CATA CARDS HILL BE USEC TO SPECIFY THE NL* ° CF 
C VELOCITY PROFILES DISPLACEMENT THICKNESSSS,AND MCMlrNTUN 
C THICKNESS DESIRED. 
C SUMMARY 
C 1ST CATA CARDSFGRMAT(F10.6»F1C.7,F20.16»3F10.71 XC,ALPh" , XI INF, 
C XIS.RK10 
C SUCCEEDING DATA CARDS ARE NOT READ IF JDIM<1G 
C 2ND DATA CARDS FORMATI8F10.5) RK20R,RK2C,RK21,RK22 
C 3RD DATA CARCsFORMAT!15) NGVEL C NO. VEL. PROFILES TC BE FOUND I 
C NEXT NGVEL CARDSsFORMAT(8F1C.5) SH,PSI,VA,AR,PCC 
C tNGVEL*4>TH CARDsFCRMAT115> NGT INO. THICKNESSES TC BE FOUNC) 
C NEXT NGT CARDSs FORM.AT ( EF10.5 ) SH,PSI,VA,AR 
C XC IS THE POSITION OF THE AXIS OF ROTATION ALONG THE CHCRD. 
C ALPHB IS THE BLAOE ANGLE CF ATTACK IN DEGREES 
C XIINF IS THE POSITION OF THE STAGNATION POINT AT LARGE SPA^ 1̂  
C IT IS UNKOWN,SET IT EQUAL TO 14. AND THE PROGRAM WILL CALCULATE IT 
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C     RKIO IS THC CONSTANT K10 IN THE EQUATION FOR Q. IF IT IS UNRNQhN« 
C    SET JOIM-5 AND PUT SOME VALUE. SAY 10.» ON THE DATA CARD. 
C      XIS IS THE VALUE OF XIS AT SEPARATION. IT IS FOUND 8V EXTRAP0LATN6 
C    FO« (VOcltLtl) OR DVOZ AT Z-0 FOR >1) 

REAOfl»4«2) X0(ALPHetXIINF»XIS»RK10 
412 FORMATIF10.6.F10.7«F20.16t3F10.7 I 

AB-ALPMB/9T.245T8 
TAB-OTANIABI 
SAB>OS|NIAB» , 
CAB-KOStABJ 
kRITEI)(400) X0.ALPHB«XIINFtXIS»RK10»F>ü 

400 FORMT!/* INPUT VALUES •/* AXIS OF RO UION IS AT*»F7.4V »CHCRO'/ 
1 • ANCLE- OF ATTACR IS*vF9.«f•DECREES*.• STAGNATION POINT AT INFIMI 
2TE SP*N IS*»020.14/ * ESTIMATED SEPARATION POINT IS*fF12.7/ 
3 • PR 10-*,F10.6/* PARAMETER EPS FOR MAX. THICKNESS OF AIRFOIL"lt 
4 FI2.7/ I 

C 
C  SECTION 21 INPUT NEEDED IN SECTIONS IS AND 16 

IFIjnm .LT. 101 60 TO 4412 
RC<H,U*4404) RK20R»RR20»RK21»RR22 

MBIT :t3»403«l RR20R»RR20.RK21»RK22 
•V039 FCRPATI//* IN ORDER TO CALCULATE VELOCITIES! RK2CR»*,F«.4t5X, 

F •RR20-*»F«.4t9Xt*RK21-*»F9.4vSXv*RK22-*,F9.4//) 
REAOI1,70961 NOVEL 

7096 FORMAT!19) 
tiRITEI3»4400) NOVEL 

4400 FORMATI 19,* NO. CONOS. TO CALCULATE VELOCITY* I 
IFIN6VEL) 4401,4401,4402 

4402 MRITE(3,4409) 
4409 FORMAn/*  VELOCITY PROFILES iflLL BE FOUND FOR»* / 

I*  SPEED RATIO   AZIMUTH ANCLE   INDUCED VEL  ASPECT RATIC 
2SCHCRD*) 
CO 4403 NC-1,NOVEL 
CO 4TA0 IYP-1,4 

4760 ILIMtNC,IVP)-0 
4404 F0RMATIBFI0.9) 

REA0fl*4404) SHVINCI,PSlV(NC)rVAV(NC),ARVIN6)fPCCVINC) 
C     SM IS A SPEED CF FORMARO FLIGHT (LIRE ALL VELOCITIES,IT IS 
C    N0N-OINENSI0NALI1E0 HRT CHORC TIMES ROTATIONAL VELOCITY» 
C     PSI IS THE AZIMUvTHAL ANCLE IN DECREES , 
C    VA IS THE OOMNFLOM 
C     AR IS THE ASPECT RATIO OF THE BLADE. POINTS Kill BE TAREN AT 3ul, 
C    60S,«Of AND «9t OF SPAN. 
C     KC IS THE PER CENT CHORD 
C     FOR EACH SET OF CONDItlCNS (SH,PSI*VA,AR,CPCC) BOTH THE CHORDNISE 
C     ARD SPANMISE VEIOCITV PROFILES MILL BE CALCULATED. 
4403 NRITEt3,4406l $HV(NCI,PSIV(NC),VAVING),ARV(NCI*PCCV(RCI 
4406 F0RMAT(9F|9.9) 
4401 READ 11.70561 NOT 

MRITEf3,4410) NGT 
4410 F0RMATII9t*STATI0NS TO CALCULATE THICKNESSES •) 

IFINGT I 4412,4412,4411 
4411.MRITEI3,4413) 
4413 FORMATI/* THICRNESSES MILL BE FOUND FOR»'/ •  SPEED RATIO   *, 

1* AZIMUTH ANCLE  INOUCEC VEL   ASPECT RATIO  •! 
CO 4414 kC>l,NCT 
REAOI1,4404) SNT(NC),PSIT(NG)tVATlNG),ART(NG) 

C     FOR EACH SET OF CONDITIONS (SH,I*SUVA,AR) THE B.L. THICRNESSCS 
•C    hill BE CAUVLATEC FOR R>B 
4414 tia|TE(3,4<»06)SHT(NC),PSIT(NC),VATINC),ART|NG) 
441/ CONTINUE 

C 
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TANCABI-SOZO.lZt*! COSMB»»«, 

SECTION 3i SOLUTION KOR THE STAGNATION POINT 
HRITEnv7048) ABtTABtCAItSAB 

7048 FORMT!/* AB-* «020.13t •RADIANSI 
8 020.13,*;   SINIABt-*t020.13/l 
S6N-1.00 
CEI«2.D0*SAB*SAB 
DEI IS THE VALUE OF DELTA AT THE STAGNATION POINT. DELTA IS 1-SICMA. 
SI-DEI-l.CO 
HST-.50-3 
CET-.121212771S190-6 
>IINT«.414932943830-4 
H-.50-4*HST 
H IS THE SPACING IN RK3 SUBROUTINE 
CSTRT-l.C-20 
)ISTRT«EPS*0SGRT(2.D0*0STRT)/I1.CODERS I 
SINCE DSDX BLOMS UP ATICELTI-O*X-0)| RK3 BEGINS INTEGRATING AT 

DELTA«OSTRT,X>XSTRT 
0EP-I.O-9*0EI 
RK3 INTEGRATES FIRST FRON OSTRT TO OEP. THEN H IS INCREASED AND 
INTEGRATION GOES FRON DEP TO CEI. IF THERE IS AN A1N0RNAL 
CONDITION IN RK3 (IER .NE. 01 SEE THE WRITE UP ON THE RR1 SUB- 
RCUTINE IN THE ICN 360 SCIENTIFIC SUBROUTINE PACKAGE. 
SGN—l.CO DENOTES THE UNDERSIDE OF THE AIRFOIL I *l   IS UPPER SIDE 

IFIXIINF .GT. 13.001 J-2C70 
IFIJ .NF. 20701 GO TO 397 
CALL RK3IOSOX«H,XSTRT,OSTRT»3.00tOEP«XIINTtOEt,IER) 
KRITEI3,435) XI INT.UET.XSTRT.CSTRT,JER.H 

439 FCRPATI/* RK3 FINOS X«*,C19.12,2X,•AT 0ELTA»*(019.12/5Xt*BY INTEGR 
1ATINC FRON X>*«C19.12«2X«*ANC DELTA«*»019.12/* THE NLPBER OF ABNCR 
2PAL CONDITIONS ENCOUNTERED BY RR3 IS*»l39ex,*THE SPACING IN X IS*. 
3 D19.6 /I 
H«.0100*HST 
CALL Rft3IOSOXvH»XIINT»0ET»3.C0»CEI»XIINFtDV.IERI 
IFfTAB .GT. O.COI SGN—l.CO 
XIINr«IIINF*S6N 

C     XIINF (ALSO CALLED CHIO) IS THE VALUE OF X AT THE SIAGNATICN 
C    POINT AT V-INFINITV. NORPALLV IT IS A NEGATIVE NUNBER 

MRITEI3.4J5) X IINF.OV.XIINT.CEP,lER.H 
397 IF(TAB «ST. O.CO) SGN—1.00 

MRITE(3,401I XIINF.CEI 
•♦01 FCRPATI/* XIINF»',022.IS,• IS THE VALUE OF X. AND 0EI-*.022.«4. 

F* IS THE VALUE OF DELIA. AT THE STAGNATION POINT*/) 
IFIJOIP .10. 51 MRITEI2.24«! XO.ALPHB.XIINF 

24« FCRPAT(F10.6»F10.7.F20.I6.30X.*EXTRASTAFF* I 
CV>SGN«I3.00 
e99«0SDX(CV»CEI) 

C    CSDX «ILL CALCULATE XR AND 2R AND THEIH DERIVATIVES NRT DELTA (OR 
C    SIGPA) 

El1-2.00*(n2*R4«e3*B9l 
NRITE(3»436)   BI.B2.B3.84.65,B^.BT.BB.09.010.811 

.436  FORPATf *   Rl.B2.B3.84.B5/e«.B7.R8,B9.BIO.811*,501«.10/6018.10) 
CHIO-XIINF 
CHI10—4.00*BlO*CAB»S«e 
CHI20-(B11/R|0)*4.D0«(CAB*SAB)*«2«2.D0*B10*( CAB**2-SA8«*2) 
CHI22—CHI10 
liPITt«3,434»CHI0,CH110,CH20,CH!22 

434  FCRPATI/   •   THE   COEFFICIENTS   IN   THE   SERIES  FOR  STAGNATlCk  POINT*/ 
1*.CHIO-*t015.Rv5X*CHI10-*.01!.8.5X.*CHI2C-*,01S.«,9X,*CHl22>*. 
2C19.8  /I 

C  END  PARANETERS FOR   POTENTIAL  FLON 
C 
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If  K-KMAX  UEFCRE  PO"  REACHES   .05  CR   .04t   THtN 
HE   INCBE«SEC   (SEE  CELX)   OR  KPAK   INCREASED   (SHE 

; 

C     SECTION 4:   PARAMETERS   ANC   FUNCTIONS  OF   Z   FOR   LHW'S   IxcTHCn 
C PARAMETERS   FUR   SOLOTICN   RV  LEW'S  METHOD 

cfl«»^.5c-1 
C    THE INCREMENT CF XI IS PRCPCRTICNAL TO OELX. FOR REASONS PEVCNC 
C     RECALL THE STAGNATION POINT (XI-CtX«-XIINF) IS TAKEN AT K-4, WHERE 
C    R IS THE SUBSCRIPT FCR XI. 

xim-o.co 
X(4I«XIINF 
CE-CEI 
T-SI . 

C      OFLTA ICE! ANC SIRMA (T) ARE SET TO STAGNATION POINT VALUES. 
ERRCRRo.SC-6 
CMEGARM.7D0 

C      ERROR AND OMEGA ARE THE PARAMETERS THAT H.G. LEW CALLS EPSILON 
C     AND OMEGA. ERROR ANC OMEGA ARE PROPORTIONAL TO ERRORR C RMFGAR. 
C     SEE STMT S?B 

LMAXÜ-75 
C      L IS THE SUBSCRIPT FCR I (ETA); FOR EACH J AND K, A VALUE CF LMAX 
C     WILL RE FCUNC; L MILL R£ <«LMAX AKD LMAX WILL BE <-LMAXU. SEE THE 
C     DIMENSION 5TMT, 

XMAX-7C 
C      K WILL BE <-K*AX. 
C    EITHER DXI(K) MUST 
C     CIMENSICK STMT)* 

LST-5S 
ITERM-450 

C ITEM*   IS  MAXIMUM Nf.   CF   ITERATICNS  eEFORE  LEW'S   METHCD   IS 
C CECLARFC  NCN-CCNVERGENI.  COMPARE   IT   TO   VALtES  OF   ITER   »SEE 
C WRITEI3»474I) 

CrST'.lDO 
C CALCULATE   III)   S   RELATEC  FUNCTIONS 

CC  521   L-ltLST 
CZ(L)«OIST 

5?1   mi'DZSTAIL-l) 
CC  527  L«LST,LMAXU 

C CMISSIC».  CF  THIS   CC  LCOP  ANC   SETTING  LST-LMAXL   WILL  MARE  OZIL) 
C CCNSTANT 

CZILI-nZST^Ii.DO^IZIl-D-ZllSTUCZSTn 
IFI   O/IL)   .GT.   .4C0I   CZ(L>«.ACO 

522 zii)*ziL-i)«cza) 
WRITEn«lAR2)   IL   »ZILItOZILtfL-ltLMAXU) 

1482  FCRMATf/   •        L» .6X, ' Z» ,«))(t«CZ» t ÖX.'L« ,6X, «Z« ,9X, T?',6X, «L« ,6X, •? • 

2(;l»I4v2Fir>.6t*;*>i4,2FlC.ei
,t,*l4t2FlC.6t>l,tI4t7F10.6)) 

LMMl-lWAXU-l 
FC 523 L-1»LMM1 

C     CNtEN AND SDZ ARE USEC RIGHT AFTER  "CO HOC" TO FIND THE STREAM 
C     rUNCTlUN (FDtGCtETCIt THE SECCNC CERIVATIVE OF THE STREAM FtNCTION 
C     CFr",GC",ETC)» *N0  THE THIRC CERIVATIVE (FO"',ETC), 

CN(L»-l.CO/DZ«L-»l»-l.CO/CZ(L> 
EK(U«1.C0/CZ(L4 1)41.C0/CZ(LI 

52» sczai»7.cn/iczfLi*c^iL»in 
WRITE(3,MO I nZSTtLSTtLMAXUtCMEGAR(ERROKRfDELX(J0IM 

440 FCRMATI/ • THE f:TA SfACING IS'iF«^,' UP TO L-'tHt*; IT GRADLALLV 
I INCREASES UP TO Tht HAXIMUM OF L-SIl// • THE SPEED OF CONVFHGtKC 
2F IK ETA CEPENCS ON ÜMEGAR>'vFe.4/ 
»• SUCCESSIVE ITr-RATICNS MUSI MATCF VELOCITY WITHIN AN ERROR ThAI't 
4» CFPFNCS CN E<»»CRR»«.C12.5//« THt X SPACING CEPENOS CN DELX«', 
5 Fl?.«//« THE NO. Of ECUATIORS IS'tll// • BEGIN SOLLTICN«///  I 

C EKC  CALCULATE Ml ) f. RklATEC FUNCTIONS 
C 
C     SECTION  5»   STARTINO  VALttS 
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C FIX   STARTING  VALUfS 
C J«l   OENOTFS  Ffl.rCtFC"   CR   FC"'; 
C J»6   IS   r2CP;j=7   IS   F2tC;8   IS'F 
c 12  is r.i2;ir jtivK't THE^ j»^ 
C THEK   J«4   IS   HO   (Fl(,*HCt«K 1( ♦ 

CC   025   Jsl«.ICIP 
CC(J»»O.C0 

C PC(J»    IS   THil   V/lLUC   Cf   THC   J'TK 
c cvvi is rc",ciH"fFTr.j />T lynv 

Err.(j»»'j.co 

CC   i2b   l-ltUAXU 
n» siJtDxc.ro 
<(i,jtt>=c.rc 
M2,J,L)«C.rC 
cc szo ^«^,^ 
rr ■325 i«i,<i 

525   Y(W,J,Lf 1MC.ÜC 
CC   b2t,   I»itA 
STIII'O.CO 

S2A   S(I»«(-.L': 
c msf v/iTRices (EUC.RHS./I.Y.S 

«C(il«i.r;r. 
RCI3I-I.C0 

C l'C(2l   «KC   IC(«I   WILl   tt   RLRCr 
CC   527  L»ltLfAXU 

C THIS   IS   THE   IMTIftL   ESflfATF 
VI2tltlill»l.0f1-CCX»M-?(L)> 
CC   ^46   J'2»JCIW 

646   V(2tJtLtl)«V(2fttLtll 
52 7   CCNTINOf 

vn.ltlt2l-1.2C0 
C   KNC     FIX   STARTING  VHUKS 
C   EKC     RAOA^FTtRS  FC«   SÜLOTICN   CY   If- 
C   HERIK     K   ICfP   IN  XI 
C *   IS  Tl-t   SUtSCRIi»T   FCÄ   XlfDil 

CC   3f.   K-i.KRAX 
CllIIRI«PCtX«ll«K/lS«2*tl(/33M2 

C 
C     SECTirit   Ci   VALUES  CF   XI   ANC   X   AT 
C THESE  VALUES   FCK  TKt   INCMtfFN 
C ACCURATE   AND  REASONABLE   f«Sf. 
C t^FEPFP.   L'XIIKI   NSAk   SCP«HAT1(*< 
C FTP   J«l)    IS   <   APCUT   .05   AT   IFf 

IFtUABSlALPHD   .IT.   2.l>2»   CXI 
C   ♦4*lH/2?l-J*lK/jnn 

C IFIALPHC   .GE.   I.CCl   CXMK>«CEL 
C 1   4A*(l</3in 

|FlßACSIALPHfc-2.I.OJ   .LT.   2.P-2 
2  571   <.PCC*|X/2fl-K/^fll   »LCCC« 

IFirAfSlALPHF-I.J^CO)   .LT.   2. 
«••SCa«fil/37U.9Dti«KM4«KMtl 

IFIflAPSIALPHF-^.OOOCOl   .LT.   2. 
^•.500*IH/3T;«.5rr«|»7A<.*K/«n 

IF(CAESIALPH{-«.^6M 01   .LT.   2. 
**.5CO*lK/37l».5ro»K/M   I 

IFICAt!f.|ALPHK-5.5«ltOI   .LT.   2. 
4*.5r04(K/37l«.5rCI 

IFCR   .6F.   At  GC  TO   all 
IFIK-6»   502e5'<3,50A 

C K-5 
5C2   XI(5I«.9C-3*CFLX 

J«2   IS   GC3,G03»,Eir,5J»3   IS   GOi; 
2ir.;9   IS   F22C;1C   IS   GKjil   IS   Gil; 
IS   FIK   ANC   J*t   IS   FIT,   ;   It-   JLlf>'l 
FIK )   ANC   J«i   IS   r2K. 

VFL    IV:L   IS   KC«,Grri«,(,( l»tl:TC    A\f, 
(AT   ETA-INFINITV) 

f«NC   ST»   hILL   I'E   PEPEriKtr   AS   MECf.C 

INK-   LATEK. 

FPR   THE  WcLCCMY   »»PfFILFS. 

V'S   KfcThCC 

tX   A'lC   Ct 

*(i«/4cn 

UMI    CHCaoWISi    SIATICK 
TS   CF   XI   IDXn   HAVE   P«(Vl(    (rCIH 
IF   CIHFtiRLM   VALLfS  Cf    ALPFP   AAC 
CAN   BE   AOJUSIEP   SC   Tl-.»r   Fr»   ((VCZ 
FINAL   VALUE  CF   XIIM. 

(►)   «LFLX*l24K/l3-K/?/4>/?l 

X«I1.5PC*.50C»«K/??»»2*«K/?7I 

I   CX|lKj-f;,:LX«(l-».fcl '.♦(*/IS-K/}l»-// 

L-2> rxK» i«.iieCACi-ix*ii»H'/>?-»/j*i 

C-2)   CXlift )».''l,C»f.fLX«« l*t*t>1~ftj*\ 

t-?i   t1xMM».0r.r«r.f L<t(i«(>/^7-|f/..«| 

c-2» r.«iCK)«.ecr»ciii»«< mc^j-n/s«» 
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IMX-2 
oxii9i«xim 
GO  TO  920 

503  XI(6I«.20C0*CELX 
C K-6 

Stll-l.OO 
S(2I«-1.D0 
CXI(K)«XI(K)-XI(K-n 
GC TO 920 

5C4   XII7>-DXl(7l 
C lt-7' 

Sll)-(l.CO/0XI(K)«l.C0/ICXI(K-n4CXIIK)))*XIlK) 
Sm—XI(K)«<OXI(ir|*0Xl(K-in/lCXI(Kt«0XI(K-ni 
S(3l-XIIK)*OXI(K)/((0Xl(K)«0XI(K-l)l«OXIlK-in 

C XI*(0ERIV«TIVP   OF  Y(»'tJvL.l)   WRT   XI)-   SUM  OF   S( n*V(M( J,L« 1)   FOR 
C I>1  TO   IMX 

ICAX-S 
CXKKI-XKKI-XKK-l) 
GO   TO  512 

513   Xim-XIlK-mCXI(K) 
C K>-8 

S(l)-(l.CO/IXIlK)-XI(K-3n-»l.CC/(XI(K)-XllK-2))«l.DC/OXl(Kn*X(tK) 
SI2)—XI(K)*lXllK)-XF(K-3n*IXIIK)-XIIK-2n/(0X|(K)«CXllK-l)« 

2 IXl(K-l)-XIIK-3)n 
S(3)-XIIIl)*(XI|K)-XI(K-3n*CXI|R)/ICXIfK-2)*lXllKI-XI(|l-2n« 

3 OXI(K-U) 
SI4)—XKK 1*1X1 (K)-Xl(K-2))*CXI(Kl/(DXI(K-2)«m(K-l)-XI(K-3))* 

4 (Xl(KI-XI(K-3ni 
C IF   ALL  OXI   «RE   ECUM.;  Sl-ll/fc,   S2—3»   S3-1.5,   S4—1/3 

IMXM 
51?  CCNTWUE 
520   XlKl-XllKHXIINF 

C K>»7 
CXIK)*DXI(KI 

C 
C  SECTION 7S FUNCTIONS OF XI FCUNG FRO* POTENTIAL FLCk 
C     CALCULATIONS FOR POTENTIAL FLOH 

SGN-l.OO 
IFIX(K) .LT. O.DO) 5GN«-1.CC 
H-.100*HST 
IFICARSIXIKM   .LT.   I.C-11 H-.C5CC*NST 
IFIXIKI   .6T.   O.PC   .AND.   X«R)   .LT.   3.0-2)   H-.C3ÜC»HST 
IFIXIKI   .GT.   .0600)  M.2CC*»'ST 
IFIH   .GT.   l.C-2*CXIIK|)   F-).C-2*CXIIK» 
CEP-OE 
IFIX(K)*X|K-1))   3314.1409.3315 

3314  H«1.0-2*«ST 
IFIXIK)   .LT.   XIINT)  CO  TO   14C5 
CALL  RR3CCS0X»HtXIIHT«CET.XfK),;t.0C»XF*0EtIER) 
||RITEI3*439)   XF.CE, XIINT,CETtlSCH 
CC  TO 320 

J315  CALL  RK1ICSCX.H«XlK-l).CEPtXIK|.?7.DC«XFfOE»IEK) 
C RK3   INTEGRATES   CSOX   TO  FING   THE  VALUE   OF   SIGPAINCti  CALLIrO  T)   »J 
C XIR). 

320 CCNTINU!- 
T-DE-l.CO 
CUfPV"13.00*SON 

314  P9<)>0SDXICOMPY.0E) 
bRITE13.490)   K.XIIKI.IERtCXIIRI.CE.SGN.XIR) 

450   FCRPATI«   *«• . 13. IX.'X I IK )>• «Cn. 11. tOX, • IER«( . IS   /   •  f<«I(K)a«, 
ICl^.ll.SXj'CE-'.ll^.ll.SX.'SGN-'.FS^.SX.'XIUJ-'.nifl.ll) 

C P?«0£RIV,   CF   XR   WRT   SICM   ILK   CELTA.khKRE   CfcL IA-I+SIG»«*) | 
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C     H3»DEKIV. CF ZM WBT SIGf«; 04-CERIV. CF P2 WRT SIRMA; L5»0FRIV. CF 
C     n3 VKT SIGMA; AN(; «.f, CN UP TC BO-fCRIV. OF H7 URT SIGMA. 
C      Bli- nfcRlV. OF X KKT SIGJ'A «SGN*CS0RT(B2*B2*B3»e 31 ; 
C     Pli« OtRIV. CF mo**?   Wf T SICfA; ei2«CERIV. Bill 613» DtRIV. BU 
C     020 AND 021 AHE CFFINIC FCH CCNVfMENCE, AS ARE BC«RO>ETC. 

Bll"?.P0«(K2*(H + C3*e!>) 
CI2»2.C0«(B*«r^»fc2*h6«B5*H5*e3*f7l 
ei3*2.00»l3.CO*(e«*I-6-»H5*F7)»e2»C8+C3*B9) 
H2n»ii>n/Piü»/(Hio*niüi 
fi2l«(f l2/H0)/(Min**<i» 
XR»ii,i;04KPS)*(T-tpS)*(i.uc*(«i.rc-tPS)**2)/eii/*.Dr 
XR«XR*»l.P'UEPS»h|li;|/2.DC-XC 
ZR«.25l •♦«l.r,vt*EPS)*CSC«T(rE*(l.0C-TI)*(l.DC-«l.DC-EPS)**2/iil)»SCN 

C XR   IS   CAPITAL   XISUfcSCRlPT   R);   ZR   IS  CAP   ZCSIB   Rl 
kRTTbl3tA79l   ni ,Hio,|'l I . P 1 2, t'13 

A79   FCR^ATI •    hi,t10.1 11.HI 2,L 13   ».5022,1^   I 
CFS«DSC«Hüfc> 
CKSS«nSl.RTM.DC-H 

C PSC   I«   PHIISIiPSCMPT   SIGKA);   PRO   IS  f'hl (SUBSCRIPT   PI<C1|; 
C PSl   IS   THl-  riMST   DFflV.   CF   PSC   WRT  SIGMA;   PP2   IS   2Nr   niERIV.   pF  PRO 
C ANP   Sf   OK, 

PSO«(l,f:0»FPS)#T/2.I.O 
FR0-|1.rU4£PS)*(S6N«rcS*CMSS-CAtANISG^«0ES*UMSS/T)l/2.bC 
PSi»(i.r'o*r:PSi/?.co 
PS?»O.OG 
PS3"0.Cf' 
PRI«SGN*PM*Cf'SS/l;ES 
PR?«-Sf.N*PSl/ir»<SS»IDtS*«3n 
pp?«   S(.N»lJSl*(l.Li1-2.rc»T»/((CMSS»*3»*(OES**5n 
PR<«-5r,K«PSM3.i:!0*(l.CC-2.C0*(l.CC-T)*TI/I(OMSS**5l»tnfcS*»7l) 
ppin-no 
Cf   117   1-2,'. 

317 npm-Pfii-Dmc 
C LSI   IS  LlSUPERSCKIPr   TILCA,SUBSCRIPT   SIGMA);   IRC   IS   MSLPCXSCRlPT 
C TILDA,SUf   RML):   LSI   IS   FIRST   CEKIV.  OF  USO  WRT   S«   ETC. 

LSO-PSl/llO 
LPO-PP.l/l'lO 
usi«-.^cc«nii/t?p(*» 
lHl»USl*PRl*PRi?/»PC2l 
LSI"USl«FSl 
LS2«l,?0*t20/f 10- .iCC*l 21 
UR2«US2»PRl-PR2»l.src*P2C/ePI2»*PR3/RP(3) 
LS2»tS2*PSl 
IS3"  P.?f>«(3.25C'>*B?l-3.SOCO»f2C*e2C/BlC)-   .50C*B 13/11 P« 3M*t I 
UP3« «S3*PRl4(A.7:>r.L*l,2r,*P2C/eiC-2.DC*B21)*PK2/Pir; 

3 -T.Df^m'pm/i'pm+PRA/ppnj 
LS3«US3«PS1 

C PHIA   IS     PMISUl   A)   ;   UAC   IS  UISUPFR   TILOA.SlU   A)    ;   \A1   I!   FIRST 
C CFPIV.   IF   UAC   K'(I   r,   AKC   SO  CN. 

FHIA«CAB«P$0*SA1'«P(^ 
tAO«  CAl*»,S04SAP*IMUi 
LAI»  CAP*(:S14SAi:«U*U 
I.A2« t;AB«l.S2»5«"*UR<: 
tA3»  CAIi»l,S34SAfi«U'»3 
PI-'IC-SAMPSO-CAWIO 
CCO  •SAC«lSu-CAl'4URv 
LCI   «SAÜtUSI-CAHtUH 
tC2  •SAB*US2-C»n*UR2 
t'C^ -SA()«llS3-CAP*UR1 

C      UAPK,UCPK,PCC. AND RMUK STCKE VALUES FOR LATER USE TC INTEkPOLATE 
C     'tR VELCCITY PROFILES AKt THICKNFSSFS 

PCC(Kl>IXR4X0)*l.C2 
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UmiKI«UAO 
UCPKIKI-UCO 
MRITE(3t490) 

490  FCRfATf*     PS0tPSl...PS4     |PR0tPRl...PR4     |PSCtUSC...IJS3     IPRO.URO» 
F   t*...URa     iPHIAtU«0...UA3   I PhICtUCO...UC3   | XR,B2,B4,86*08   |* 
F .•ZR.ea.es.eT.ng«    ) 
NRITEI3.492) PSOfPRO,PSOtPRO,PHl«fPHK.XR,ZR, PSltPRltUSOtURO.UAOt 
lUC0,B2,B3,PS2,PR?,USl,URl.U«l,UCltB4,l .  PS2tPR1»US2tUR2tUA2tUC2t 
2B6tB7t PS2,PR4,US3tÜR3?U43,UC3fB8,B9 

492 FCRPATI ( • *« 8C16.8 )l 
•LPHA«CA1*N(B3/B2) 
IFtSGN .LTi 0.00 ) ALPHA' 3.1415926536 ♦ALPHA 
ADE6«57.2958«ALPHA 
PO-XIfKI/UAO 
XPO-PO*UA1 

C      XMO IS («(SUB 0);XMIK IS NISL'E IK); RNUO IS NU<SUB 0) 
RM'UfO-»!.001/2.00 

C     RP,RN,RPS ARE CEFINEC FOR CONVENIENCE 
RN-UKO-l.D0)/2.C0 
RPS«RP(«SI1) 
RMJ0«PHIA-2.C0*IXR*CAK4ZR*SAe) 
RMtKlKI-RNUO 
C0-2.nO* (CAB*e2«SAe«B3)/i)10 

C PARAMETERS  NEECbC  FCR  F10 
XHlll>XIIK)*UA24UAI*(l.C0-X»'0} 
XP10C«CHI10*UA2«UC1-(CH110*UA14(JCCI*UA1/L,AC 
hRITE(3t430)   XWO.PO,COtRH,ALPHA,H.AOtG 

410  FCRKATI •   XNO,PO,CÜ,R^,ALPHA.H,ADEG »,7014.6» 
WRITE(3,431I   XP0,XP1K*KM1CC,RNUC 

431 FCRPATI •   XP0,XM1K,XM1CC,RNUC •       ,6015.7) 
C                END   PARAMETERS  FOR  Fl 

IFUDIM   .LE.   5)  GO  TO   8632 
C PARAMETERS  NEECEO  FCR  Gl 

0COXA-tB4-82*Bll/(2.C0*el0*ei0)l/(BI0*BlC) 
CSCXA«ie5-B3*Bll/(2.C0*RlC*BlC))/IBlC*BlC) 

I CCCX*CCCXA*CCOS(AB)>DSCXA*DSIN(AB) 
C RK10  MUST  BE  OEFINfcD HERE 

j XP10«XM1K*RK10-»XP10C 
CPK"CHI104XIIKI*RK10 

RMUAIO>CPK*L;AI 
C    RMUA1C IS MULSUPEK A,SUB 10)* U010 IS UISUPER DELTA,SUB 10) 

RKU10«CPK*(UAO-C0) 
C10-CPI«*2.C0*CCCX 
UC10«CPK*UA1-»UCC 
t0l2>llAC 

C PARAMETERS  NEECEC FCR  F2 
XP2K*XMlt( 
XP22C-«   CPK4CHl22)*(UA2-(J«l*tAl/UA0)4RKlC*UAl 
XM20C-ICHI204XI(K)*RKlO**2)*(UA2-UAl*UAl/UAO)4(tA3-UAl*UA2/tAC)* 

X   .500*CPK*CPK   4CPK*iUC24RKlO*UA2-ÜAl*UCl/UAC)4RK10*((;Cl4RKlC*lJAl) 
DRITEI3,432)   XPO,XP10,XM2CC,XP22C,RK1C,CPK 

432 FCRPATI •   X*0,X>«10,XM2CC,)IM22C,RK1C,CPK   • ,6016.«) 
hRITi: (3,433)   C10,RNII10,UC10,CCDX 

433 FORMAT! •   C10,RNIJ10,IJD1C,CCCX • ,5017.9) 
C     J«l     2        3       4        5       6          7          S          S          10     11     12 
C FC  GOO  GDI  F10  F?K  F2CR   F2CC  F21C   F22C  GIG Gil  G12 

PCnO)»RNlllO 
C EKD   PABAPETERS   FCR  U  £F2 

»632   CCNTINlit 
C  END     CALCULATICKS   FfIR  POTENTIAL   FLOU 
C 
C     SECTION  8:   PARAMETERS  FCK  LEtt'S  METHCC   ANC  A  GUESS  AT  NFK  VELOCITY 
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C PROFILE   BY   EXTMPOLMICN 
C FIX BCtPMANETERSt   ANC  VELOCITIES   IN  NEW   X     STATION 

BC(2l>RNUO 
CC 528  J-ltJDIM 
LPAXT»LM/IXU«I8.00«1/JI*KI(K)/)IIS-IO/J-10 
IFIJOIP   .GT.   5   .AND.   J   .GT.   3)   L*AXT«LHAXT-1 
IFILMXT   .GT.   LMAXRUI)   LPAXP(J)>LM«XT 
IKCABSCEBCUM   .GT.   O.OCI  LPAXRI J |>LMAXR( J I *CA8S(EBC( JI/l.C;-3) 

C EBC   IS  OVOZI   2ND   DtRIV.   OF   STREAK  f-LMC.   V.RT   ETA)   AT   /(LMXKIJ)) 
C EACH STREAM  FUNCTION   IS   INTEGRATED  TO   ITS   OWN   PAX   VALUE  OF   ETA. 

hHICH  IS  GIVEN  RY   ZILMAXRUt) 
IFILHAXRUI   .61.  LHAXU-n  Lf«AXR( J )*LMAXU-1 
Cf*EGA(J)>OHEGAR  ♦.020C«(J-1{ 

528  ERRCR(J|«ERRCRR«I   l.O-l   ♦CAeS(BC(J)»♦   .5C-2*YI2.J. 15.l)**2*J/5) 
IF(Y(3«1.1»2)   .LT.   .12C0   I   ERROR(1)«ERR0RI1)«2.CC 

C NEM VELOCITIES   BY   INTERPOLATION 
IFIK-8I   543.543.542 

542 STi2»-exi(Ki-xnx-2i»*cxnK»-xi(K-3n/(uxi(K-n*iyi(r-ii-xm<-3n» 
STI3)—DXI(K)*(XI(KI-XIIK-3n/<CXI(K-I)«CXI(K-2n 
ST («)«CXnK 1*1X1 (K)-xnK-2n/l(xnK-I)-XIfK-1))«CXIIK-2)J 
CC 544  J*l,Jtl* 
DC 544  L>2«LMXU 

544  V(2»JtLtl)''ST(2l*Y(2,J.L.2)4ST(3)*Y(2.J.L.3)«STl4)*V(2.J.l.4) 
543  CCNTINUE 

MftITEl3t481l   (S(I).I«1.4).(STtIi.I«2.4) 
481  FORRATI   •   SID"   •t4F15.10»   1CX.   'STII )«• .3F15.1C) 

C   END    KEW VELOCITIES   BY   INTERPOLATION 
C   ENC    FIX HC.PARAPETERS»   ANC  VELOCITIES   IN NEW  X     STATICK 
C CHCOSE  VARIABLE TO  BE  SCLVEC  FOR DO   15CC  J 

CC  1500  J-l,JOIf> 

SFCTIOK 9i. FIX  UP  ESTIMATED  PRCFILE   TO MATCH  BCUNCARY  CCKDITICItS 
LPAX«LM«XR(J) 
LPM1-LMAX-1 

CCPRECT  VELCC1TIES   TC  MATCF  8C  C  CALCULATE   A'S 
IF BC(J)   CMNGES   hITF   X   (OR  XI».   THEN  A NEW   PRCFILE  FCR  VtLCCITY 

(ACTUALLY  DERIV.  OF   STREAP  FLNC.  WRT  ETA)  MUST   PE  FCLft.D.  STfT  549 
IS NECESSARY  TC  BE   SURE   TC  AVCIO  CIVISION  RY   2ER0 
IF(CABS(CCIJ)-YI2.J,LPAX,1))  -1.0-141   547.547.S4S 

544 IF{CABS(Y(2.J.LMAX.l))   -1.0-10)   591.545.S4S 
545 BC0«BC(J)/Y(2«J«LMAXV1) 

CC 531  L-2.LPAX 
531 Y(2.JtL*ll-V(?»J(Ltl)*CCC 

6C TC 547 
551   6CC>(6CIJ)-Y(2tJ*LMAX,l))/ZILPAX) 

CO  548  L-2.LMX 
548 VI2.J,L»l)=y(2fJ«L.l)4ecC*2(L) 
547 CC 532 P»lt2 

CC 532 L'l.LPAXU 
A(R.JtL|>0.0C 
CC 532   I«2.IPAX 

532 A(P,JtL)-A(MfJtLKSII)*Y(P.J.L>I) 
AT  THIS  POINT.   AIM, J,L )«SUM CF  SI I MVIM. J.L, 11   t-PC*   I>2  TC   IPAX. 

CR  XI^DERIV.  OF  YIM.J.L.I)  WRT  M   MINUS   S(l)*Y|M.J.L.I).  AS   SOCN 
AS VIP.J.L.I)   IS  KNCWN.   IT WILL  RE  ACCED  IN   SO   «i  CAN CE ISEC   FCk 
SUBSfcCUENT  VALVES  OF   J   TC  REPRESENT  ALL   THE  CERIVAT^Vt 

ENC    CORRECT VELOCITIES   TO   MATCF  PC C CALCULATE   »*S 

SECTICK  10:   SOLUTION OF   EC'S  BY LEW'S  METHCO 
BEGIN   ITERATION ON  LEW'S  SUCCESSIVE  REPLACEMENTS 

CC  1400   ITER-I.ITERM 
BEGIN MARCHING   IN  /   OIRECTICN 00   13CC  L 

liC   14CC   ITER 

127 

""""""•""''itlt/lr ^ ^ "njafci^t 



DO 1300 L-2iLMMl 
C     DEFINE VELtDVOZ K STREAM FUNCTION 

VT«Vt2tJtLtl) 
Y(l,JfL,ll-V(l,J1L-l,l)»D?(L)*(YC2,J,L-lflHYTI/2.D0 
><3fJtL.l»-(Y(2,J,L*ltl»/DZ(L-»l)-DN(L)*YT-Yt2,J,L-l.ll/OZ(L)>*.5D0 
YP-S02<L)*(Y(2,J,L*l,l»/CZIL4l)-EN(L)*YT*Y(2,J,L~l,l)/0i<Ln 

C     VP IS 2NC DERIVATIVE OF VELOCITY 
C     VP IS USED INSTEAD OF VU.J.L.l» TO DECREASE STCRAGE. 
C  J-l  2  9  4  S 
C    FO 600 CGI FIK F10C 

GC TO Ilt2f3,4,5f6,6,6,6,10,lC,lC»,J 
C      THIS STPT CHOOSES THE EQUATION TO BE SOLVED. IF TIPE IS NOT 
C     IMPORTANT A FUNCTION SUBROUTINE TO CALCULATE FN AND FNN (THE 
C     DERIV. OF FN WRT YT) CCULC BE USEC. TKE 6,6,6,6 OCCURS BECALSE 
C    FOUK EONS ARE IDENTICAL EXCEPT FOR RHS. RHS CONTAINS NO YT SC IT 
C     CAN BE CALCULATED JUST ONCE AND SAVE TIME!SEE OC LOCP FCR STfT 
C    NO. 82201 
C VT-FO« 

1 FN—VP-YOfJ,L,ll*IRNS     *V( 1« J,L, D+All, J,L)  )*VT*( (XPC«S(1 M 
1 •Vr»A|?(JtL)  l-XMO 
FNN« ENm*SDZ(LK.5D0*DN(LI«(RPS     «Yf 1,J,L,1 )4A( 1, J,L ) ) 
l-VO«JvLtl)*RMS     •.5CO*D2(L)->YT*2.00*(XNC«Sim«A(2,JfL} 
GC TO 117 

C YT-600» 
2 FN«-VP-0UPV(Li*y(3tJtL,l)«Y(2tltLtl)*CSin*YT4AI2>J,LI  I 
2 **I(K)*(C0*Y(2tlffL.fl)-UAC) 
FNN-EN(Li«S0Z(L)«0UMVCLI*.5D0*DN(L)4Y(2tltLtII*S(l) 
GC TO 117 

C YT-601» 
3 FN«-VP-DUr<V(L)*Y(3,JtL«lMY(2*lvLtn*(S(l)«VT4A(2tJ,LI  > 

FNN-EN(Li*SDZ(L)«DUNV(L)*.9OC*0N(LUY(2,l,L,l)«S(l) 
60 TO 117 

4 IF(J0IN-5) 8720,8720.8721 
C YT-F1K*   J-4      J0IM<>9 
8720 FN«-VP-DUNVCLI*Y(3,JvL*ll'»(0TILI«XNC*V(2,ltL,ll)*YT« 

1 Y(2,l.Lfi)««(2,J.LJ-Y(3,l,L,ll*IRMS     *Y(l*JtL»l)4A|l.ä.LII 
2 ♦PO*itHSF(LI«XNlK 
GC TO 8722 

C YT-FIO*   J«4      JDIM>«6 
8721 F^--YP-OUPVai*YI3tJtL.n«IOT(L|4XNC*Y(2,l,L,in«YT« 

1 \«2,1,L,U»»(2,J,L)-Y(3,1,L,1I*IRMS     ♦va, J,L , 11 »Al I, J,L »I 
2 ♦PC*RHSF(L)»KKiO 

8722 FNN-SDZU)*5NILI4DUMVILI*CN(L)*.9C04 CT(L|4XKC*V(2, UL ,11 
1 -Y(3,l,L.l»*RMS    *C7(L)*.SC0 
GO TO 117 

5 IFrjOIN-5) 8725,8726,872-% 
C YT-FIOC     J»5 JCIM<«5 

8726  FN—YP>DUNVlL)«Y(3,4tL.i>4(CT(L|4XN0*Y(2,l,L,l))*YT4 
1 Y<2,l,L,l)*A(2,J,LI-Y(3,l,L,ll*(RMS «Yll,J.L.Ii4A(1,J,L) I 
2 4P0*RHSF(L)*XM10C 

FNN-SDZ(LI*EN(L|4DUMV(L)«CN(L)*.9C04  DT(LI4XPC«Y(2,1.L.1) 
1   -VI3,l.L,U»RfS «CZ(L)*.5C0 

CO  TO  117 
C VT^K«        J"5 J0IK>»6 

8724   FN—YP-DUPV(L)*Y(3.J.L.I )4CT(L)*YT4DT2(Ll^V(l,J,L,n4Y(2(l.L.I)« 
rA(2.JtLI-Y(3*I.L.l)*All,J,L) 
9  4XIIKI*XP2MRHSFIL) 
FNN-SOZ(L)*EN(Ll4DUMV(L)*CN(L)*.9C04nT(l i4DT2(L l*CZ(L )*.9nC 
GC   TO   117 

C YT^OR'    J«e 
6 FN—VP-0UMML»»Y(3,J.L.n40Tai*YT40T2(L)«YJl,J,L,ll4Yl2,l.L.lM 

1   A(2.J.L)-Yn«l.L«n*A(l.J.LI     4RHS(J,L) 
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FNN-SOZ(L)*EN(L)*DUNV(LI«CN(L)*.5C0*0T(L»*DT2(L»»0Z(L»«.5D0 
GC to 117 

YT-f^OC»  J»7 
vT-^ic» j«e 

10 FN--YP-rU»'V(L)«Y(3tJtL,n»Y(2tl,L.n*<S(H*YT»A(2,J,LI)»RHS(J,L» 
' FNN-S0Z«U»EN(L»*DUHV(LI>»CNUI«.9C0*Y(2,lfLtl)«Sm 

YT-Gll«   J»ll 
YT-Gli«   J-12 

117 EY(LI—CI'ECA(J)«FN/F.NN 
CALCULATE NtM VALUES FOR Y(2tJfLtll 
V(2,J,Ltll-VT*EV(LI 

1300 CCMTIMUE 
eKC  BEGIM MARCHING IN I   CIRECTICN     00 13CC L 

CC 536 L>2tL»Ml 
IFCDARS(EY(LH-ERROR(JM 536,5 35,515 
THE CHAKGE IN YI2,J,L,1) SINCE THE LAST PASS THRU THE L LOOP IS 

CCPPAftEO TC ERROR (LEW CALLS IT EPSILON) 
536 CCNTINUE 

60 TO 14C1 
535 CCNTINUE 

EVMITEKI-EYdOt 
IT IS NOT NECESSARY TO STORE A VALU£ OF EY IF EVK IS REMOVED FRO 

, hRITE(3t462» IN SECTION 11. 
UCO CCNTINUE 

DC UCC ITER EKO  EEGIN ITERATION ON LEW'S SUCCESSIVE KEPLACCPENTS 

SECTION 11: TICV UP Y AND A MATRICES 
WRITEI3,^62I J 
|iltITEO,462) J«KfITERtLPtAX,(EYK(II,l«l.ITER) 

462 FCRPATI* ITER FAILS • , <i 15/(6C 18 .9 U 
GC TO 1405 

1401 ITERKIJ)>|TER 
LEU'S HETHOC HAS NOW CONVERGEC. 

463 FCRPATJ • J.ITER«*, 215/(10013.511 
THE VALUE OF V(3»Jtl«ll (I.E. OVOZ AT 1*0)   IS CALCl'LATEO. THIS 

FCftPULA IS GOOD ONLY IF DZ(5I-DZ(4)>...CZI2) 
V|3»J»ltl)-( -25.D0*Y(2tJiltn«48.00*Y(2tJt2tl 1-36.CC«Y(2tJt3tl) 

■  Y ♦16.OO*Y(2tJ»4,l)-3.C0*Y(2,J.5rll >/( 12.0C*07O) > 
CC 537 L-LHAX.LMAXU 
Y|2*JtL«l)>HC(JI 
THIS DO LOOP EXTENDS THE SOLUTION FROH LMAX TO LMAXL 

V(l.J«L*ll-Y(l.J.Lf»'ltll«IZ(L)-Z(LMHl))*BC(JI 
Y(3.JyLtl)-Y(3,J.LMHl,ll*CEXP((Z(LHHl)-Z(L))/0ZST) 

537 CONTINUE 
CC 538 LMtLMXU 
OC 538 f<>l*2 
THE ACriTIONAL TERH FOR A (SEE SEC 9) IS AOÜEO IN 

53« A(H,J,LI>A(*tJ,L)*Sm*Y(P».I.Ltll 
END DEFINE VEL.CVC? C STREAM FUNCTION 

SECTION 122 FUNCTIONS OF ETA USEC IN D.E 
IFUOIN .IE. 5 .CR. J .NE. SI GO TO 633 
CO 0220 L-ltLMAXU 
TERMS THAT INVOLVE FUNCTIONS OF Z (ETA) BUT 00 NOT CONTAIN YT 

hHEN LEW'S PETHCC IS APPLItC, ARE BEST CALCtLAlEC HERE AND STCRtC. 
THIS AVOICS COING THE CALCULATICN ITERKIJ) TIPES. RHS(J,L) IS KCT 
USED FOR THE FIRST 5 ECU»TICNS (GIVEN BY STPTS 1 VO 5). flUNV.RhSF, 
CT7 AND CT ARE CEFINEC FCR CCNVENIENCE. 

626 RHS(6>l)>XI(R)«(Y(2f l,L,l)*Y(2,2tL»I)-RNLC4.5DC*Y(3,l,Lfll 
6 *Y(1.2fL,l) ) *PO*C0*(RNU0-V(2f2»Lfl)) 

627 HHS(7,L)>UA0*(-i>*'*Y(l,4,L,l)«Y(3,4,L,lUXH0*Y(2f4.l,l)**2 
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7   «YI2.4.Ltll*A(2t*tL)-Y<3.<i,l.,ll*mt4tU) 
7   *XI(KI*XPlU*(2.i:0*V(2,l.Ltn*V(?t4fL.l)-.50C*V(3tltLrl)* 
7  Y(lt4,Ltl)-.30C«Yll»l.L,n*VOt«fLtl)   I   ♦   XHK l*(XI»20C-KM0*UD10 
7 /UAO»   •  RHSFUI 

628 RhS(8iLI-XI(KI*(Y(2(l(L.l)-2.C0*.SDC*Y(3Tl,L.l)*fY(l,atLtlUZ(Ln« 
8 V(2.1,L,U*Y(2.1(L.n   I   4PO*C0«(l.D0-Y(2«3,Ltll   ) 

629 RHSI<>tLI-XI(K)*IXM22C-XMlC*UC12/U«ai*RHSF(LI 
IF(   Jül*   .LT.   10   »   GO   TO   "220 
RHSdOtD —(Rf«Y(l,4tLtl>««(U4»Li«.SCC«PC*XM10*V(ltltL«l)l« 

C   Y(3t2»L*l)     ♦YJ2,i.,L,H*A(2fitLI       ♦XI(K)*(   CC» Y( 2,^1 ,L ,1 »-RfUAlO 
0 ♦Y(?,l,L.n*C10»3K10«lY(2,J,L,l)»CO-UAO)> 
RHS(lltLI«-(Rf*Y(lt4,Lfl )«A(lt4vL)«.5C0*P0*XM10*Y(l»l.L«in« 

1 Y(3,3.L«n     «YI2,4(L.ll*«(2«3tLI 
RHSU2tLJ«PÜ*(l.C0-Yl2f1,Lf 1») 

8220   CONTINUE 
633   CCNTIMJE 

IFCJ-I»   i39,539il500 
539 CC   5«0  L-ULCAXU 

CUNV(LI-RP*Yll.l.l.tl)«A(ltlfLI 
HHSKLI = y(2ilfL,l)**2-.5CÜ*Y«3,l,L,n*Y(l,l,Lf IJ-l.CC 
CT2ILI-   (RN-S(in*yC3«ltLtll 

540 CTtLI-IXPO 4S(lll*YI2iltLtl)«A(2tltL) 
1500   CONTINUE 

C   END     CHCOSE   VARIABLE   TC   HE   SCLVEC   FOR DO   15CC   J 
C 
C     SECTICfc   11:   WRITE UP OF   RESULTS 

kRITEI3.4628) 
4628   FCftPATIlX,     T22t • J-l*tT35t'J>2*tT46t•J-31tT57.•J'4<tT66»'J-S•.T7«. 

8   •J«6ST86t,J»7»fT94,»J»8,tnC3f
,J«9»,T113f»J«lC,tT121.,J«lI,rTi28 

8   t'J-U'i 
IFIJOIN   .IE.   SI   bRITEntte^OI 

4640   FORMAT!        * t L »t      T23,'F0',T35t«GOO»,T46t'GOlSTST, 
I   »FU«.767,^100'    » 

IFIJOIM   .GT.   51   WRIien,4t4> 
464   FORMT!        • £ L S      T23,,F0«,T35, «GOO« ,T46, »GOl ST57, 

l»FlOttT66,,F2KS   T7e, •F^CR« , ICt, ^200« . TS4, M 210'tTlC3 , •F22C',7113 
2. •G10*«ri2lt,61l*«ri2eflG12t   I 

469   FCRfATdX.FY.*,14,'VEL   •» F12.E,2F11. 7,2F1C.6.F9.6tF9.3,   F9.3. 
5   F9.4(F9.5tF8.4.F9.5   I 

466 FCRPATIICX,   •   CVCZ   •» F12.fl,2Fll. 7,2F 1C.6(F9.«,F9.3(   F9.6« 
5  F9.5(F9.6«F8.4tF9.5l 

467 FCRPATI«   E.G.   AT   2«INF.     ••     F 12,e,2FU.7,2F 10.7,5F9.t ,2Ffl.5   I 
468 FCRPAU«   MX   ERROR   IN  VFL',     F 12.E,2Fll. 7,2F 1C. 7,5F9.6.2Ffl.5   I 
469 FCRMTI»   OMEGA-FINAL  VAL*        tF12.e,2Fll. 7«2F1C.7«SF9.6 , 2F8.S   I 
470 FC9MT((   STKEAP   FUNaLMAXLi*      ,F 12.e,2F 11. 7,F 1C.6 ,F1C.7 i;5F9.4 ,2f 8. 3) 
471 FCRMTI«   PAX  VALUE   CF   L      *        17, 2111,211C,5I9,218   )' 
474   FCRMTI*   NO CF   ITiRATIONS't      15,2111,2110,519,218   ) 
479   FCRMTI«   CVCZ  TOC   ClGaLpx«      ,F12.E,7F11.7,2F1C.7,5F9.6,2F8.5   » 

KTEST-0 
LPIN-LMAXU 
LPAX-l 
OC   552   J-ltJCIP 
IFILPAXRIJI   .IT.   LHINI   LPIN «LMAXRIJ) 
IFILNAXRUI   .GT.   LNAX)   LPAX-LPAXRIJ) 

C IF   DVOZ   IS  NOT   SMALL   «LESb   TFAN   SAY  1.0-31   AT   ZILPAXKIJ)!   THEN 
C THE   B.C.   AT  EOG^  OF   rCUNCARV  LAYER   IS NUT CORRECTLY   SATISFIED. 
C THIS   PFANS  TMT   ZILMAXKIJI)   I   THE  MAX.  VALUE   CF   ETA  FOR   CCN.   Kf.Jf 
C IS   KOT  LARGE   ENOUGH.   LMXRIJ)   SHCILD BE   INCREASED. 
C THIS  0(1  LOOP  CHECKS   CVOZ   AT   ZILPAXRIJll   .   LPIN   AKO  LMAX   ARE   JUST 
C LSEU  FOR   bRlTE(3,V63)   ANC   WRITEt3,4661. 

mrARSIYn,J,LM<MJ),l||-l.C-3l   6CC,ECC,6C1 
601   ERCUI>Yl3,J,LPAXRlJ|f 1) 
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MTEST«! 
GC   TC  552 

600   EBC(JI«0.rO 
552   CCMTINUf 

im***   .V.T.   L^SXU)   nc   TC   HC^ 
J»'l = LrftX/5 
CC   fl61   L^ltLt'AX 
IKIL/2»*2.tt.   L   .ANf.   L   .GT.   f   .nl.   L   .LT.   L^a)i-2)   GC    TC    Pfl 
V>RITtl3,*fc5»   /(I »,L,(V(^,JlL,l»,J=JtJLIK) 
IF(L-GT.   10   .AKC.L.'T.LKU-Z   . «^ C .L .t-iE . ( L/JV 1 )* JM )   Cl    Tr   ff.l 
kR|Tbl3t4f6l   tY(1tJ«LtlltJ«ltJCIV| 

861   CCKTiMIR 
KRITf(3,«f7J 
WPIT£(?,«6a» 
t>PITH1.f69) 
hPITf-"n,^73» 
kBITC(1,^7<il 
t.«ITE«3,470| 
IFCMCST   .GT, 

EKC   UBITE   STMS 

( PClJ)tJ=l,JCl,'l 
«   GHRCSU»! J=ltJrif) 

(   Lf«Xi<(JltJ=l«JCU ) 
(    ITtHMJ»tJ=lfJC I"» 
(Y(i,j,if'*xt,n,J=i, jri") 
Cl   WRITt(^,'.75»    (lEC<J).J=lt jrif ) 

CHCHCWISE   CKRIVATIVES    (OPTICNÄL» 
f!t  O'lTTEC   IF   DtSIRtt).   THIS  CHECK  CCNSinFPAFLT 
EHPCP,   ESPECIALLY   IF   T»-E   FONCTICN   IS  rEt«»I.fiSIf.r. 

JECTION   1*:   CHECK   CF 
THIS   SCCTICM  CON 

CVE«£STIF/»TES   THE 
IK   MGMTLiCt. 
rp«cx«K-n 
»(«CXfKI 
IERRXn=C 
IFIK   .LT.   9»   GC   IC   7HC 
CC   711«  J*l,JCl* 
xrcu»«KnK-i»*( -«Kvv(?,j,ii:»!i/ncir*ri»')*i)f»♦<CK-r,o>*y<?,j,ic,^) 

1   /fCK*CP»*CP»YI?,J.10,n/<(C!K4CP)»CC )    » 
C XOC   IS   »   CEKTPdL   filFFEIENCC   *T   TFE   (K-li   PC INT.   fOP   IS   THF   BACk- 
C hARC  ClfFFRFKCE  USFC  AT   «K-l» 

PC£(j)*xcriJi-xcpui 
IFfDAB5(PCEUII-l.n-Z-l.C-3»Ye2tl5,J»n**2)   7136, 71'J1,7117 

7137   IF(0A8SIPCEtJi/XCC(Jl>.rT.   r).r-?l   ieRRXU=J 
7l3fi   CCKTINUE 

IKERRIK-l)   =IEIinXD 
CC   7IM   J«1(J0IM 7U0 

7141 

<)76 

477 
EKr 

XCPU»=A(2,J,10I 
IFUERRXC   .GT.   r»| 
FCRfATI«      LKRCIR   X 
IFdFRRXf    .GT.   01 
FCRfATI«   VCLCC.   X 

HP.ITE(3,<.7e Mt>CtlJ J,J=UJDIf> 
CERIV.   •      ,Fl2.7,?Fll.tf2f lC.5f5F<;.4,?ff:. 
fHITE(3t477i(xrC(JlfJ*l»JtlK| 
LfcRIV.   •      ,FI2.7,2ril.<,2»iC.5.5F';.'.,2Ff 

CHFCK   CF   X   CERfVATIVfcS AFTER   «RITE   STATEMENTS 

SECTICN   15:   t.L,   THICKNESSES   (CPT K »JALtSEE   SFCTICNS  2   KM.   If I 
BEGIN   CALCULATICK  CF   TUCltNbSSFS 

THIS   SHCTIG*!  CAN!  Rt  CflTTft    IF   VtStWit,   FCH   OIVEN  V/iiltlS  CF 
FCRVARCJ  FtlCHT   SIT^t   (SFTI,   «Zin'THAl   ANGLE   (PSIT1,   frt^Ttn>4 
SFAN/CHfRC   lYPtFCUNC  FR(JK!   THE   ASfECT   RATin,Ai4TI   ANr   FCK   THE 
CUPR6WT  VALVE  Cf   XI   IXKKI   T»-t   VALUE   CF   X   (XP|   ll C ALCOL «T(;(.. 
INTEKHCLATICN,   U«0   (IIAPI,   UCC(LCP»,PCK   CENT   CHCRf IPCCPI, »Nr 
NKRNUPI   ARE   FCUKC   AT  XP.  CISPLACEN'T   «Mü  MOt'tfiTtf  TFICrKESS 
CALCUIATEC   ANE   «RITTEN. 
IFI   K   .LT.   8   .OR.  JDIM   .LT.   IC   .C«.   NGI   .Et.   0»   GP  Tf   50«i0 
CO     5040  NG=l,NGT 
Tl =SHT (NG)»CCCJS( PS I r(NG»/57.2957800» 
T2 =SHT(NGI*rSIH(PS!TtNG)/57.?9 57eCC> 
VA?«V«TING)**2 
hRITF.I3.5C36|   PSIT(NG)«VAT(NCItSHTFNGI,ART(KG| 

V^T» 

fy 

AKE 

A 
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9096 FOMATl/ • AIIMUTH *NGLE-« , F6. 1,5X, • ISO^CEO WEL-• ,M.6,5«, • SPEED II 
l*TIC-',F9.?,9X,'»SPECT R«TI0-»,F7.1 / 
2 • SFAH/CHCnC'.AX,' X*,«X««  «CHORD  V X DISSENT THK 
iPtHl  THK *,•    X MOM THK   •#•    V MOM THK   •, 
4«   XI   •»•    Q • I 
CC 9040 IYP-1,4 
VF-(.300*IYP-.2900*1 IYP/4n*«RTING) 
IF(YP*T2 .LT. 01 GO TO 903a 
QP«l.OO-V«T(NG)*RK10/YP-IRK20MRK20*VA2«RK21*Tl-»RK22*T2«VAT(NC)W 

CIYP»VRI 
IFiOR .LT. ,300 .OR. OP.GT. 2.001 GO TO 9038 
XI IP«      CH|04VATIN6)«(CHIIO«(V«T(NG)*CHI20«T2*CHI22I/VR)/YP 
XP-XHM/CP * XIIP 
C»ll  CÜEX(E,X«K1,X(K-1I,X(K-2>,XPI 

C SUBROUTINE  COEX  JUST  CALCULATES   INIERPOLATICN  CONSTANTS  FOR  3 
C POINT  LAN6RANGIAN   INTERPCLATICN. 

PCCP-O.DO 
UAP-0.00 
ucr*o.oo 
RNUP-0.00 
CC  9020   1-1,3 
PCCP-PCCP* E«n*pccix-i*i> 
UAP>U«^EIII*U«PRtR) 
UCP-UCMEIII*UCPRfRI 

9020  PNUP-RNUP«E(n*RNUK(K) 
RNUP«»NUP«T1 
CVAR- (XP<XIIP)/(fYP«T2)*UAP«VATING)»UCP) 
IFIDVARI  4740,4740,47*1 

4740 NRITEI3t4742)   YP,XP,OP,UAP,UCP,CVAR 
C IF  0<.3  0R>2fTHEN  SERIES   IN  SPAN   IS PROBABLY   INACCURATE. 
4742  FCRMATIlXt2FI0.6,*0VAR<Q;VP4T2 TOO SMALL     QP««,FIC.«»*   LAP««, 

F  Fid.6«*   UCP**tFI0.6,   •   CVAR«*VCU.4    ) 
6C  TO  5040 

4741 CVAR-OSORnOVAR) 
C0N0«I.00/(UA0*VP*YP) 
CONl-VATINGI/VP 
CCN2«IVAT INC 1**2)*C0N0 
CCN3-TI*C0N0 :\ 
C0N4«VATING)«r2*C0N0 (.     u 
CCN9»VATINGJ*T1/VP 
CC  4750  L'ltLMAXU 
UPlL»-YI2,l,L,l)-»CONl«tl2,4,l,l)*CON0*IVI2,6,L,l»»RK2CR«YI2,5,l,U 

11  ♦CON2*IYI2f7,L,ll*«K20«YI2,5,L,l)l* C0N3*I YU.CL.I »♦«K2I* 
2  YI2f9vL,l)l«  CCN4*(V(2,9,L,n«AK22*V(2,5,L,n) 
VPIll«VI2,2,L,n-»Tl*YI2,3,L,n*CONl*Y<2,lC,L,n*CON5*YI2,ll,t,l» 

V ♦T2*VI2,12,L,1*/YP 
tFIL}-UPILI*VPfkl 

4T50  VPILI*VMUI*VPIL)/RNUP ■ t       i 
L'LPAXU ' i   - <  -      :. IUJ i,' 
TKl3)«Yn,l,L,lMC0NI*YU,4,l,l)*C0NC*lVll,6,L,l»*RH2CR»YCl,5,L,n 

II  «CON2*|Yllt7tL»ll-»RR2Q*Vllt9,L»in«CQN3*IY(|«C»L«l)«MK21*    , 
2 VfltStLtlll-»  C0N4*IYIl,9tL,l)«RK22*Vllv9fL*in 
TXI4l»Yllt2,L,lMTl*Yll,3,L,n-»CQIVI*V(l,lC,L,lHC0N*4YII,U,L.li 

V «T2«V|l>l2rLfll/VP 
TKIll-0VA»*l2<LHAXU)-TRI3»t 
TXI2I-0VAR»I2ILMAXU)-TKI4J/RKUP1 
CC  4751   l»3,LMAXU,2 
TKf3l-TKI3l-CZILI«IUPIL>2)-»4.CC«UPIL-n4lJPILn/3.D0 i 
TK(4l*TRI4)-CZIL)*IVPIL>2l*4.D0«VPIL-lUVPfLII/3.0Q 
LST-L*1 
1FICZIL*?)   .NE.   021311   GCTO   475! , H 

4751   CONTINUE i , 
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4799 :C   4796 t-LST,LM«XU 
Tti|3)-TKl3)-C/(L)*(UP(L)«UP(L-in«.9CG 

4796 TR(4)«TKI4)-r2(LI*(VPIl)4VP(L-in«.9DC 

||(|4|aTM4|*CVM/Rf«bP 
hRITE( 1,5035) Yf>,XPt PCCP, (TK » H, I-l, 4 ) ,X IIP.CH 

Ö039 FCRPATI IX, JF 10.6,4H6.1C,      2F1C.7 I 
GC TC 9040 

9038 NIUrEI3,90341 VP,T2,CP,PSIT(NGi 
9034 FCRPATI • EITHER ri»«*fPt0«6t• IS < T2"»tF1G.6,6X'0R CP»',F1C.6, 

F • IS <.3 OR > 2. •,!iX,,PSI-»,F7.2/,tCMOR0«SF«.2, »SPEED RATIO«», 
3 F7.3/I 

9040 CCNTINUC 
9090 CtNTINUE 

fhC   CALCI)LATIC^ CF TNICVKESSES 

SECTION 161 VELCCITY PROFILESIOPTICNAL,SEE SECTIONS 2 AND 191 
THIS SECTION CAN BE ORITTED IF DESIRED. VELCCITY PROFILES ARE 

FOUND AT A GIVEN PER CENT CHORD (WHICH GIVES A VALUE OF X). THUS 
XI FUST BE FCUNO IX IP). SINCE FC,GOO», ETC ARE KNOWN ONLY AT THE 
FCIKTS XKKltTHF.V PUST Vi   INTERPOLATED TO XIP. 

CiFGIK CALCULATION CF VELCCITY PROFILES 
IFINGVEL .EV« C .OR. JCIP .LT. 10 .OR. K .LT. 8) GC TQ 9C8C 
DC 5076 NG>1,NGVEL 
IFIPCCVING) .GT. 3.L0*PCCIK){ 60 TO 9C76 
CALL C0EX(E,PCC(K),PCCIK-1),PCCIK-2),PCCV(NG)). 
XP«£m*XIM*E(?)*X(K-l)*E(3)»XIK-2) 
Tl-SHVfN6)*nCCSIPSIV(KC)/57.29578) 
T?>SHV(NG)*CSlN(PSIV(NG)/57.2S57ei 
VA «VAVIKO 
VA2«VA*VA 
DC 5075 IYP-1,4 
YP- l.3POMVP-.25i:0* IIYP/4 ) )*A«VIN6 ) 
IF(ILIMN£,IVP) .GT. 0 ) GO TO 5C79 
IF(YP4T2 .LT. 0) GO TO 5C73 
CP«l.rC-V«»)»KlO/VP-fR)(20R*RIC20»VA2«RK2I*Tl*KK22»VA»T2)/(YP«YP) 
|flt,P  .IT.   .300   .OR.  GP   «GT.   2)  GO  TO   5073 
XIIP>lrHI0«VA<MCHI104(VA*CHI2C«T2«CHI22l/VP)/YP 
VIP«QP«IXP-XiIP) 
IFIX1P .GT. XKKI ) GC TC  SC75 
ILIP(NG,iVPI>K 
CALL C0EX(EtXI(K),XIIK-l)fXIIK-2),XIP) 
CVAR>VP*VP*(E(I)*UAPK(K)«E(2)*UAPKIK-l)4E(3)*UAPKIK-2)) 
DC 9070 L"1»LMAXU 
UP(L)«O.G0 
VP(LI>O.CC 
DC 9069 I«1,3 
LP(LI-UPm*Em*l  YI2fl,Lf IMVA*YI2,4,L,I)/VP4( Y(2.6,L,I)4 

1 ffK20P*V(2»!>tLf mVA2«(Yl2t'7tL,I)4*K2C«Y(2,S,L,n) « 11*1 Y(2,« ,L,I) 
2 ♦ RK21*Y(2*5,L,I))4VA*T2*(V(2,9,L,n«RK22*Y(2,5,L,I)) )/DVAR  ) 

5069 VPIL)«VPIL)4E(n*(  V(2,2,L, I )*T1*Y(2, 3,1,1)» ( V«*( Y(2, 10,L, 1)4 
1 Tl»YI2,ll,L,l))*T2»Y(2,»2rL,I) )/YP  ) 

9070 VPUI*VP.(L)/APV(NG) 
IFdYP.E^.ll GO TO 5C60 
WRITE(3,5062) PSIVING).PCCVING),XP,SHVCNG ) ,VAV(KGI,««VJNC) 

»06? FCRFATC//» A/IPUTH ANGLE«»,F6.l,4X,»XCHURO««,Fe.5,4»,»X«•.F12.6, 
I 4X,»SPbfct RATin««,F9.5,4X,»INDUCED VEL»,F7,3,4>,»ASPECT RATIO», 
2F7,3 I 

5060 WRITE 13,5059» VP 
WR1TEC3,9064) Cl,Z«L ),UP(L),L*l.LPAXU) 

5064 FCRPATI    IX«I2,F7.3,F8.4t4XtI2,F7.3,F8.4,4X,I2,F7.3,F8.4V4X(I2, 
1 F7.3fFe.4,4X,l?,F7.3,FB.4 ) 
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fcRUEIB,50651 CPtXIl'tXIFtOVH 
5065 fORMTt • (JP-* ,015.5, • XI IP,XIP.OVAR-» ,3015.6 I 

WITIIStSOMI 
5066 FORMTI/ IX,51» I    I   V/MOHECA •)  I 

MITE I),5064) (L,2(t).VP(L),L>l,LMXUI 
CO TO 9075 

SOTS WRnEia,5034) YP,T2,QP,PSIV(N6I,PCCV(NGI,SHVINGI 
SOTS CGN1INUE 
5059 PCRNTI/* VELOCITY PROFILES FOR SPAN/CHORD*« «FI.S/1X« 

1 SI* L   Z  U/UOELTA   • )| 
S0T6 CGNTINUE 
S080 CONTINUE 

END CALCULATION OF VELOCITY PROFILES 

SECTICN ITt VALUES OF XIS .»N,; K*S 
IFUDIP-5) 566,567,566 
FO"aMALL IS EXTRAPOLATED TO ZERO TO FIND XIS. THEN RIO IS THE 

VALUE OF -FlOC/FlKawALL EXTRAPOLATED TO XIS. 
56T RR1QTE —Y13,5,l,l)/YI3,4,l, 11 

MRITE(3t489) RKIOTE,YO, 1,1, II 
489 FORMAT!* -FI0C«/F1K"8NALL« * ,D20.12,IOX,' FO«8NALL«*tD20.IO) 
566 CCNTIMUE 

IFIR .IT. IS} CO TO 568 
IFU0IP-9I   S68,569,568 

569 CC  570  J«6,9 
570 RKJIJI—Yn,J,l,n/YI3,5,l,l» 

RKJI6)...RKJ|9) ARE EXTRAPOLATED TO XIS TO FIND K2CR,K20*X2I,X22. 
URITE 13,571) RRJI6I,RKJ(8),R|(JI71,RKJI9I 

5T1 FCRPATI* -0VCZ8MALL/F2K« •  ,92X,013.e,5X,O13.6 /80X,OI3.6,5Xf 
I C13.AI 

968 CCNTINUE 

Ml-. 

; ' i ■ : 

i ■ 

! ■ l > : 

SECTION 18:  UPDATE VELOCITIES 
UPDATE VELOCITIES FOR NEM X STATION 
THE VALUE OF K MILL BE   INCREMENTED SOON,  SINCE   l-l  DENOTES THE 

CURRENT VALUE CF R, YIN,J,1,1) MUST BE UPDATED.  TMCSE 00 LOCPS 
SET  V|P,J,L,IPAX)-Y(P,J,L,IMAX-n,..YlM,J,L,2)«Y(M,J,L,l).  AFTER 
K   IS   INCREMENTED  (BY  CO  30  K-1,KMAV)  V(MtJ»L*l)   BECOMES  THE 
VARIABLE TO BE SOLVED FOR. 
CO  1429  IT«1,3 
CC  1429 L-l.LMAXU 
CC   1429 JMtJDIM 
CO  1429 P*lv3 

1429  Y(M*J«LtS-IT)   «Y(M,J,L,«-IT) 
:  END     UPDATE VELOCITIES  FOR  NEN  X  STATION 
8723  CCNTINUE 

NRITEI3,8T2)  K.PCCfK) 
872  FORMAT!*     END OF ««••ISttCX,*   PER CENT  CHORD  AT   INFINITE   SPAN»*, 

F F12.8«*!*///) 
CC TO 30 

SECTION  19:   01ACNQSTIC WRITE  STPTS  AND TENMINATIGN 
THESE MRITE STMTS C1VE   SO^E   INFORMATION ON kHV  THE  PGM  STCFPED. 

1409   IFIXIRI   .LT.   XIINT.AND.X!R)*XiK-l).LT.C.D0INRnE!3«48C)   XIK) 
480  FCRPATI/»   AT  STMT  3314 X!K)     (•»,120.12,')     IS  <  XIINT*/* CHAKGL 

IDXIINI *   /I 
IFILMAX   .GT.  LMAXUI  NRITEI3,7G4C) LMAX 

7040 FORMAT!/*   AT  STMT  952,   LMAXU<LMAX,  hHlCH««,15   I 
IFIITER  .GE.   ITERM) NRITE!3,7C41)J,LMAXt1TER,I«!2,J,L,1)»L«l*LPAX) 

7041 FCRMAT!/*   SUCCESSIVE  REPLACEPENTS DIVERGE  FOR  Jo*,13/*   lMA4>*t 
1   13/*   ITER-*,i4//*   Y!2,J,L*ll«*/(   IX,10013.51) 

IFIITER  .GE.   ITFRM   .AND. K   .67.   15 '.AND.   YI3,1,1,11   .LT.   .0400) 
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NRITEfSv7044l  YO,1,1,11,IHR I 
7044  P0M«T(/*   f0"  «T  1-0  ISSOIS.T»*!     LEN*S NCfNOO MILL  NOT CONVfRCC 

IFOR FO«  <  «03 OR •04l   //  *   IF  TfcE CURRENT VALUE OF  II   I •,019.7, 
2*1   SEENS  LIKELY  TO CIVE   FO-  TOO   SHALL,   THIS   IS  fROBABLV  A NORML 
3TERMINATI0N  •   I 

THE  FINAL VALUE OF  XI   SMJULC  BE  CHOSEN   IBV  TRIAL  AND ERRORI   TC 
CIVE  FO*   BETWEEN .04  AND   .04 
IFIXU)*X(K-1)   .EQ.   O.COI  MRITEI3,704^1   X(K) 

7042 FCRFATI/*   AT  STRT   3314  X IK)-*,020.10/   •   CHANCE  OXIIRI   •   /I 

OC 7091 1-9.KM 
7091 IFIIRENRflKCT.O .AND. RH  .CT.9I NRITEI3t7C92l I,IRERRIII 
7092 FORMT!* X DERIVATIVES NAV RE INACCURATE AT K**,l3t*  FOR J«*»I3I 
9996 MKITE13,7043» R 
7043 FORNATI/* EXIT CALLED AT STNT 1409 FOR M',151 

IFU «EO. II CALL EXIT 
JDIH-J-1 
IFI ITER .EC. ITERM 1 SO TO 1401 
CALL EXIT 

30 CCNTINUE 
END   R LOOP IN XI 

MRITEf3»7095l 
7099 FCRHATI •  FC* STOPS EEC«USE RNAX IS TOO SMALL • ) 

CALL EXIT 
END 

■ i i 

SUBROUTINE CCCXIE,A,n,C,CI 
IMLIC1T REAL*«  l*-H,0-Z I 

COEX   PROVIDES COEFFICIENTS  FOR   3  POINT  LAHGRAkGIAN   IMERPCIMIO. 
IT   IS USED  IN SECTIONS   19  AND  1A. 
DIMENSION EI3I 
Em>ID~BI*fC-C)/l IA-BI*IA-C» » 
CI2I>I0-A)*ID-C)/I IB-AI*(S-CI » 
EI3I-CO-A|««0-BI/I   IC-AI«IC-BI   t 
F(DI«Em*F|A|*EI2l*Fm«Em*FICIt WHERE f   IS SOME FUNCTION 
RETURN 
EMD 

REAL FUNCTION OSOXMIDUMPVtDE! 
IMPLICIT REAL«« |A>H,C-ZI 
OSOX CALCULATES THE  VALUES OF B1....B1C NEEDED TO FIND   THE 
PCTENTIAL   FLOW  AND TO  RELATE  X  ANC   SI6MA. 
CONNON/Bt4/EPSt$6N»BI,B2ffB3.E4tB9»B«,B7tB8tB9,B10 
IFISCNI   «S»S9t79 

"*'   19 1FIDUMMY)  79fT9»74 
74  SSN-l.DO   . 

WRITEI3,40n   0E,S6NtS6N(CUMMY 
79   S-OE-l.nO 

CMS2«0E*II.DO-SI 
IFICABSI0MS2I   .LTi   1.0-5C1       MtITEI3*401l  DE,SCIltCPS?,OtPPV 
IFI0ABSICMS2I   .LT.   1.0-901  OPS2-1.0-90 
BA>I1.D0-EPSI"2 
BB«1.0D-EPS«EPS 
BC>1.00«EPS 
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; 

Bl«l.fX»CPS*EPS-2.00*EPS*S 
l3>0C*ll.0O«eA«BI/101*11M/4.00 
B9-S«MBC*l-S*(l.OO-BA/en-QMa«t.00*E»S*0A/Bl**2l/(4.00* 

1 OSORTtOMSZII 
IM  OABSIOUMmCN-ll.COl    .61.   l.Q-*l 60 TO  10 
e0-EfS*BCMA/<2.CO*Bl*0SfillTICM»0)l 
M*BC*BA*BB*EPS/B1«*9 
ll*tl*tl 
e9^SCN*B0*l-1.0O/IBA*Cll42.O0«S/Bl-4.0O*f»SWS2/BII 
l«>«.Oe*EPS*04/Bl 
BS-0.00*ErS«06/Bl 
B6«7.00*ErS/Bl«S/CMS2 
BP>l.OO/tGE*0E*B*U2.C0/Bl«12. *EFS*S/BE~l«.0C*iM*fM*0i»S2/B|M) 
BT>09«BC«S6M*BC*BF 
B9>B«*BT«l4.CO*EPS*EFS/BE«ll.C0«2.*S*S/OMS2l/ONSIIM9«SCMBO*0MB€ 

4 «SCN*BD« 1-2.00/IBM0E**)l«lC.00iEPS/8E«00.ü0*IPSMPS*S/(Be«BlI 
9 -««.00*IEPS*Mt*0liS2/ieE*BEI   I 

401  FCRfATI •   B2fB9»0E«S6Nl0MS2tCUMV     «.COU.?     I 
IB BIÖ«0S0RTIB2*B2«B1*II9I«S«N 

tFI0ABSI0UMMI.LT.1.0-e)MI(irEOt401IB2tB3*0EtSGNt0llS2t0UMMV 
OSDX-1.00/010 
RETURM 
in 

CM» caoos 
SAMRLE   CATA CARCS  FOR   ALRHB  -   .C09 

-.OOO0141284S900C'? 
-7.1« 

.29 0.009 -. 

.7« -99.09 .4 
10 

9.429 «0. 0. 
9.429 90. 0. 
9.429 270. 0. 
9.429 270. 0. 
2.012 90. 0. 
1.404 90. 3. 
9.429 49. 0. 
9,429 139. 0. 
5.-625 229. 0. 
9.429 919. 0. 

7 
9.429 90. 0. 
2.«12 90. 0. 
1.404 90. n. 
9.429 49. 0. 
9.429 199. 0. 
9.429 229. 0. 
9.429 919. 0. 

20. 
2C. 
20. 
20. 
20. 
20. 
*0. 
20. 
20. 

9.429 919. 0. 20. 

2C. 
20. 
20. 
20. 
20. 
20. 
20. 

SAHfLE   GAT« CARDS FCR AIM« •  2. 
0.290000  2.0000000 -0.0099944141429>4«  .929 

.409 -122.4 .996 -10.44 
SAMLE  CATA CARCS  rOR   AIR» 

0.290000   J.1490000 -0.OI01C29C7S2202T« 
.929 -292.4 .709 -19.C9 

1 
3.1224 90. .07490 13.71 10. 4R 

1 
.1.1224 90. .07490 19.71 M 

. : 

i (. 

.44C 7. IE fe'XTRASTAFF 
RR2 FCR .009 DEC 

10. .CC9 
30. .CC9 , • 
10. .CC9 

• 

30. .009 .(  . 
30. .009 i  • . 

30. .Cf» • ■ 

30. .CC9 - < 
30. .009 '. 
SO. .CC9 < 
30. .CC9 

.009 

.CC9 

.CC9 

.0C9 
,.009 

. 

■ .CC9 
, .CC9 . •■. i 

• « 1» 
.323 10.4 fclTRASTAFF 

RR2 FOR 2 0E6 
• - 3.349 
.244 19.01 EXTRASTAFF 

«K • 

IM 

i .      s ^ 
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SAMCE 6Af4i CAROS FOR   *LPHB - 4. 
0*290000 410000000 -0.012«2371151«2169   .201 16.1 EXTRASTAFF 

•24« 
1 

'.625 
0 

-t«R.7 .728 -18.12 Rl(2  FCR 4  PEG 

«0. .2117 20. 10. 4 DEC 

SAMFLE  OATA CARCS FOR  ALPHB - 4 .469 
• 29 4.469 -.(U431093492 .170 22.19 .    EXfR«ST«FF 
.171 -447.9 .709 -22.19 RR2   FCR  4.469  0E6 

10 
3.122« «0. .1019« 10. IK 
9.122« 90. •1019« 12. 8R 
3.122« 270. .1019« 10. 8K 
3.122« 270. .10198 12. IK 
1.5613 90. .10198 10. «K 
• 7R07 90. .10198 10. IN 
3.1226 49. .1)0198 10. «K 
3.1226 139. .10198 10. 8K 
3.1226 229. .10198 10. 8K 
^.1226 
•    7 
3.1226 

319. .10198 1C. IR 

90. .10198 8K 
1.9613 90. .10198 flK 
.7107 90. .10198 M 
3.122« 49. .10198 n 
3.122« 139. .10198 OK 
3.122« 229. .10198 8R 
3.1226 319» .10198 BR 

SARFIE  DA7A CARCS  FOR   AlPHB -  5. .581 
0.290000 9.9010000 -0.018«34«9«399110C .106 24.22 EXTRASIAFI 

.04« 
1 

3.1226 
1 

3.1226 

-•«. .490 -24.13 RR2  FCR S.581   DEG. 

90. .12743 13.71 10. 10R 

90. .12743 13.71 ICK 
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\ 
<A theoretical study has been conducted to determine the effects of rotation, inflow, 

and forward flight on the development of the laminar boundary layer on a helicopter 
blade. Particular emphasis was placed on the determination of the separation line. 
In order to facilitate the computation of the inviscid.flow about the blade, an 11. 9%-
thick symmetrical Joukowski airfoil was used. The essential feature of the analysis 
was the scaling of the chordwise coordinate so that the separation line is invariant 
with span and time in the transformed coordinate system. The transformed boundary 
layer equations were expanded in an asymptotic s er i e s in span, and the resulting 
equations were solved -fry the n^ijlyd Smith and Clut>»>i 
The major effect of rotation i*sNa delay in separat ion.Xjhe separation line delay is 
most pronounced near the axis of rotation. Forward n i sht causes an oscillation about 
this separation line, so that the delay i s greatest in the n r s t and fourth quadrants. 
The oscil lations are affected by the blade angle of attack and the inflow due to lift. 
The phase advance between the wall shear and the f ree - s t ream velocity is in qualita-
tive agreement with the results of Lighthill. 
Rotation alone does not influence the separation line greatly. However, its combina-
tion with forward flight and inflow contribute, at least in part, to the increase in 
maximum lift observed on helicopter blades. 
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